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Vibration  and  Acoustic  Pressure  Radiation  Plate-Cavity  (Parallelepiped)  System 

L  Intermodal  Coupling 

2.  Simply-Suported  and  Clamped  Boundaries 

3,  Water  and  Air  Fluid  Media 
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This  report  presents  a  meti'od  and  computer  program  for  calculating  certain  spectral 
quantities  for  the  vibration  as  vxll  as  the  external  (half-space)  and  internal  (cavity)  acoustic 
radiation  of  a  plate-cavity  syst'.-m  represented  as  a  rectangular  parallelepiped.  The  upper 
surface  of  the  plate,  lying  outside  of  the  cavity,  is  excited  by  boundary  layer  turbulence. 

The  lower  surface  of  the  plate  covers  the  cavity.  The  walls  of  the  cavity  are  either  all  rigid 
or  uniformly  nearly  absorbtivc.  i.e.,  nearly  all  rigid.  The  plate  is  thin,  flat,  flexible,  isotropic. 

(See  reverse  side) 
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Block  20  Continued 

III!'*®  “'"P'y  supported  or  clamped-clamped  at  its  boundaries  which 

?h!  ^  at  the  boundaries  of  both  sides  of 

he!w  /or  P‘“*®  system,  may  consist  of  any  combination  of 

nov7nl?rf  P'ate  is  acoustically  coupled  to  the  external 

now  iieid  and  to  the  field  withtn  the  cavity. 

TTie  method  treats  intermodal  auto-  and  cross-resistive  and  reactive  coupling,  associated  with 
n  interaction,  induced  by  the  fluid  in  the  half-space  above  the  plate  and  by 

rna'ivf'"  if®  P'ate.  Excluding  cavity  effects,  the  half-space  coefficients 

are  an^ytic^ly  ev^uated  for  acoustically  fast  (surface)  modes,  acoustically  slow  (edge  and 
corner)  modes,  and  all  possible  combinations  of  these  modes.  The  results  therefore  represent 
more  complete  calculation  of  the  intermodal  coefficients  than  those  obtained  by  Davies.  The 
^c»c  shown  to  be  of  greater  generality  than  those  of  Davies  because  in  almost  all 

cases,  they  reduce  to  his  first  order  results  as  a  special  case. 

Spectral  quantities  for  the  plate-cavity  system  which  are  mathematically 
tormulal^  and  programmed  (for  computations  in  narrow  bands)  include. 

1.  ^e  cross-spectral  density  and  power  spectral  density  of  plate  displacement. 

hard‘orIfmo?rhaS"S.‘*""*'‘^ 

3.  ^e  complex  spectral  density  of  power  generated  in  the  half-space  above  the  plate. 

Hi.tonV  and  power  spectral  density  of  acoustic  pressure  in  the 

distant  far  field  of  the  half-space. 

Additional  results  of  the  analysis  (but  presently  excluding  computer  programs)  are: 
and  ?hv  infnP®*^?  formulation,  requiring  analytical  evaluation,  for  the  cross-spectral  density 
^d  (by  mplication)  power  spectral  density  of  the  acoustic  pressure  anywhere  in  the  half-space 
thereby  including  the  near-field  acoustic  pressure  above  the  plate. 

^  The  spectral  density  of  complex  power  generated  in  the  cavity 

-lenn^Liri?'®  Presented  are  based  on  the  response  and  radiation  of  resonant 

acoustically  slow  modes  which  pertain  to  frequencies  below  the  critical  frequency. 
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4.  Radiation  into  Semiinfinite  Half-Space 

5.  Radiation  into  Cavity 

Mathematical  Analysis 

Turbulence-Induced  Vibration  and  Radiation  of  Plate-Cavity  System 
Digital  Computer  Program  and  Computations 
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NOTATION 

Turbulent  boundary  layer  constants  Ai  =  1.6,  A2=7.2,  A3=12.0, 
K,=0.47,  K2=3.0,  K3=14.0 

Plate  area 

Cofactor  of  element  a^^  in  the  determinant  det  (aj^);  see 
Equation  (35) 

Plate  lengths  in  x-  and  y-directions,  respectively 

Equivalent  plate  lengths  in  x-  and  y-directions,  respectively,  used 
in  computations  for  clamped-clamped  plates;  see  Appendix  E 

Intermodal  coupling  coefficients,!^^  being  the  auto  terms  and 
a^j  the  cross  terms 

Local  coefficient  of  skin  friction  equal  to  1  ,,2 

2P  LIoo 

Cavity  depth 

Speed  of  sound  in  half-space 

Base  for  natural  or  Naperian  system  of  logarithms;  equal  to  2.718 
Equal  to-|j- 


f  Frequency  variable 

^mn’  ^mn  vacuo  and  fluid-loaded  resonance  frequencies,  respectively 

G(x/x';  w)  Plate  Green  function 


Gp(x,  z/x',  z';  cj  )=  Cavity  Green  function 

Gp  (5/1';  w) 

Gp(?/x';  w)  Cavity  Green  function  for  source  and  field  points  at  (lower) 

surface  of  plate;  Figure  1 

Gp  (x,  z/x'.  z';  tj)=  Half-space  Green  function 

G°(?/f';a;) 

P 

Gp(x/x';  w)  Half-space  Green  function  for  source  and  field  points  at  (upper) 

surface  of  plate;  Figure  1 

Fourier  transform  of  Gp(x/x') 
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Gj(Kx,ky) 


1,W) 


Inr«3) 


i 
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Jo 

r(w),r(w) 


jnn 

K, 

k,ko 


k 

k 


mn 


L,  L' 
Lw,  LW 
M 
M 

s 

m 
m,  n 


Hankel  functions  of  zero  order,  first  and  second  kinds  respectively 
Defined  by  Equations  (56b)  or  (57) 


„  .  1  -  (-1)  cosb/3 

Equal  to 


n#r 


Cavity  coupling  coefficients,  being  the  joint  coupling  coefficient 
and  i”  the  cross-coupling  coefficient  of  the  cavity 

Equal  to\/^,  an  imaginary  number 

Unit  vector  along  x-axis 

Bessel  function  of  tlie  first  kind  and  order  zero 


Half-space  coupling  coefficient,  J'^'^  being  the  joint  coupling  c'' 
efficient  and  the  cross-coupling  coefficient  of  the  half-space 

Joint  and  cross-acceptance  functions,  respectively 

Equal  to  k^k„kqk^ 

Acoustic  wavenumber  in  half-space  to  ^  ;  k  is  also  used  as  an  index 

'“O 

Vector  wavenumber 
Acoustic  wavenumber  in  cavity 

Plate  mode  wavenumbers  along  the  x-  and  y-directions, 

respectively;  respectively  equal  to-^  simply  supported 

thin  plates)  * 

Surface  wavenumber  of  plate  equal  to  Vk^  +  k|^ 

Wavenumber  variables  along  the  x-,  y-  and  z-directions,  respectively 

Op'irators,  equal  to  k  +  iM  ^  and  k  +  iM  respectively 

Equal  to  (k  +  iM  ^)w  and  its  Fourier  transform,  respectively 
Mach  number  for  fluid  in  half-space 

Modal  mass  of  plate  (mode  s) 

Plate  mass  per  unit  area 
Mode  numbers 


IX 


m 

c 


Cavity  added  mass  per  unit  area  equal  to 


p  coth  k  c 
c  inn 


mn 


m 


total  added  mass 
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.P. 


k  k„ 
m  q 


P,  (x,  z) 
p  (x;cj) 


p  (x) 
b6 


<Pb«>t 


p'  (^,  z) 


Pi  (X,  w) 

It 


Cavity  plus  half-space  added  mass  per  unit  area 
p  coth  k  c 

Equal  to  — - .  +  r-^;  see  Appendix  G 

mn  mn 

Equal  to  a,  0, 7  for  a  cavity  mode;  see  Appendix  B 

Principal  value  of  the  integral,  principal  value  of  the  integral  with 
respect  to  x=k^,  and  principal  value  of  the  integral  v/ith  respect  to 

both  x=k^  and  x=k^,  respectively 
Acoustic  pressure  in  the  half-space 

Fourier  transform  of  truncated  random  acoustic  pressure  in  the 
half-space 

Blocked  (turbulent)  pressure  at  the  surface  of  the  plate 


Fourier  transform  of  truncated  random  exciting  blocked  pressure 
at  the  plate  surface 

Mean  square  blocked  (turbulent)  pressure 
Acoustic  pressure  in  cavity 

Fourier  transform  of  truncated  random  acoustic  pressure  in  the 
cavity 

Acoustic  pressure  in  cavity  for  a  mode  mn;  see  Appendix  G 


p”  (X) 


mnqr 

r,  r' 


r 

n 

S,  S' 

S 

mnqr 

Sp  (iil'iw) 


External  pressure  field  acting  on  plate 
Equal  to  p^  (x)  +  p^^^  (x) 

Coupling  coefficient  connecting  the  m,  n  mode  to  the  q,  r  mode, 
per  unit  area 

Cross-correlation  function  for  turbulence  pressures 

Radius  vector  from  origin  measured  by  an  observer  at  rest  and  by 
an  observer  moving  with  the  system,  respectively 

Specific  wall  resistance 

Fixed  and  moving  frames  of  reference,  respectively 
Modal  radiation  coupling  term,  per  unit  area 


Cross-spectral  density  of  half-space  acoustic  pressure 
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.  (x/x';co) 


PjV 


S  (w) 

Pb8 

S  (x/x';w) 
Pbe 

S_  (?/!':  w) 


_  (x/x':  w) 


PjV 


S^(x/x';  cj) 


S  (k  , k  ) 

s  X  y 


qr 
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mnqr 

1. 1' 

U 

oe 
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u 

u. 

V 

V 

V. 

1 

V^(x;  w) 
v^(x,  t> 
W^(x,  w) 
w(x),  w(x) 
Wp(x,  y,  t) 


Cross-spectral  density  of  pressure  p,  at  position  x  with  velocity 
at  position  x'  T  • 

Fixed  microphone  (or  power)  spectrum  of  fluctuating  boundary 
layer  pressure 

Cross-spectral  density  of  blocked  (turbulent)  pressure 

Cross-spectral  density  of  cavity  acoustic  pressure 

Cross-spectral  density  of  pressure  pj  at  position  x  with  velocity 
Vj  at  position  x' 

Cross-spectral  density  of  plate  displacement 

Shape  function  representing  Fourier  transform  of  mode  shape  of 
plate,  given  by  Equation  (50)  (for  mode  s) 

Shape  function  representing  the  Fourier  transform  of  L’  and  the 
plate  mode  (for  mode  qr);  see  Appendix  E 

Modal  mass  coupling  term,  per  unit  area 

Time  variable 
Free-stream  velocity 

Turbulence  convection  velocity  =  0.8  Uoo 
Acoustic  velocity 

Components  of  acoustic  velocity;  i=x.y,z 

Cavity  volume  equal  to  a-b'c 
Fluid  vel  >city  vector 
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ABSTRACT 


This  report  presents  a  method  and  computer  program  for  calculating  certain 
spectral  quantities  for  the  vibration  as  well  as  the  external  (half-space)  and  internal 
(cavity)  acoustic  radiation  of  a  plate-cavity  system  represented  as  a  rectangular 
parallelepiped.  The  upper  surface  of  the  plate,  lying  outside  of  the  cavity,  is  excited 
by  boundary  layer  turbulence.  The  lower  surface  of  the  plate  covers  the  cavity. 

The  walls  of  the  cavity  are  either  all  rigid  oi  a,iiformiy  nearly  absorbtive,  i.e.,  nearly 
all  rigid.  The  plate  is  thin,  flat,  flexible,  isotropic,  rectangular,  and  finite  and  is 
either  simply  supported  or  clamped-clamped  at  its  boundaries  which  are  contiguous 
with  an  infinite,  rigid,  planar,  baffle.  The  fluid  at  the  boundaries  of  both  sides  of  the 
plate,  external  and  internal  to  the  plate  cavity  system,  may  consist  of  any  combina¬ 
tion  of  heavy  (or  dense)  and  light  fluid  media.  Thus,  the  plate  is  acoustically  coupled 
to  the  external  flow  field  and  to  the  field  within  the  cavity. 

The  method  treats  intermodal  auto-  and  cross-resistive  and  reactive  coupling, 
associated  with  structural-acoustic  interaction,  induced  by  the  fluid  in  the  half-space 
above  the  plate  and  by  the  fluid  in  the  cavity  beneath  the  plate.  Excluding  cavity 
effects,  the  half-space  coefficients  are  analytically  evaluated  for  acoustically  fast 
(surface)  modes,  acoustically  slow  (edge  and  comer)  modes,  and  all  possible  combina¬ 
tions  of  these  modes.  The  results  therefore  represent  a  more  complete  calculation  of 
the  intermodal  coefficients  than  those  obtained  by  Davies.  The  results  are  also  shown 
to  be  of  greater  generality  than  those  of  Davies  because  in  almost  all  cases,  they  reduce 
to  his  first  order  results  as  a  special  case. 

The  vibroacoustic  spectral  quantities  for  the  plate-cavity  system  which  are 
mathematically  formulated  and  programmed  (for  computations  in  narrow  bands) 
include: 

1.  TTie  cross-spectral  density  and  power  spectral  density  of  plate  displacement. 

2.  The  cross-spectral  density  and  power  spectral  density  of  cavity  acoustic 
pressure  for  hard  or  almost  hard  walls. 

3.  The  complex  spectral  density  of  power  generated  in  the  half-space  .^bove 
the  plate. 

4.  The  cross-spectral  density  and  power  spectral  density  of  acoustic  pressure 
in  the  distant  far  field  of  the  half-space. 

Additional  results  of  the  analysis  (but  presently  excluding  computer  programs) 
are: 

5.  A  general  formulation,  requiring  analytical  evaluation,  for  the  cross-spectral 
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density  and  (by  implication)  power  spectral  density  of  the  acoustic  pressure  anywhere 
in  the  half-space,  thereby  including  the  near-field  acoustic  pressure  above  the  plate. 

6.  The  spectral  density  of  complex  power  generated  in  the  cavity. 

The  sample  computer  results  presented  are  based  on  the  response  and  radiation 
of  resonant  acoustically  slow  modes  which  pertain  to  frequencies  below  the  critical 
frequency. 

ADMINISTRATIVE  INFORMATION 

This  report  was  prepared  at  the  Naval  Ship  Research  and  Development  Center  (NSRDC) 
and  supported  by  the  Naval  Ship  Systems  Command  (NAVSHIPS  037)  under  Subproject 
SF  43.452.702,  Task  18185.  The  report  summarizes  work  performed  in  joint  effort  by  NSRDC 
and  Bolt  Beranek  and  Newman,  Inc.,  under  NSRDC  Contract  N00600-73-C-0590.  Its  prepara¬ 
tion  was  funded  under  Work  Unit  1-1960-010. 

BACKGROUND 

Ship  designers  are  interested  in  the  sound  radiated  from  vibrating  complex  structures 

excited  by  turbulent  wall  pressure  fluctuations.  They  wish  to  minimize  significant  radiation 

directed  both  outward  to  the  medium  external  to  the  hull  (making  the  structure  detectable) 

and  inward  to  the  structure  interior,  e.g.,  interna'  to  a  sonar  or  to  a  trough  (hindering  the 

capabilities  of  detection  and  other  gear  within  the  structure  as  well  as  adding  an  unacceptable 

amount  of  self-noise  to  the  human  environment).  Hence,  a  method  for  computing  the  vibro- 

acoustic  response  of  structures  immersed  in  a  turbulent  fluid  is  of  value  to  the  designer  by 

permitting  him  to  select  appropriate  structural  parameters,  geometry,  damping  coatings,  and 

treatments  to  suppress  structural  vibration  and  the  associated  radiation  of  sound. 

Four  computer  programs  are  available*  for  determining  the  vibratory  response  of  a 

finite  rectangular  plate  to  fully  developed  turbulence  and  the  associated  acoustic  radiation. 

Several  computational  frameworks  are  provided  which  can  be  modified  and  extended  through 

additional  research  to  furnish  more  accurate  and  realistic  programs  to  meet  na.  al  needs.  The 

chief  objective  of  the  original  study  was  to  furnish  a  base  for  future  development. 

Extension  of  these  computations  are  also  available  .  Option  1  includes  a  correction 

in  the  computer  programs  to  account  for  the  effects  of  the  boundary  layer  thickness  and 

pressure  pickup  dimensions  on  the  mathematical  model  representing  the  observed  pressure 
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statistics  and  on  the  corresponding  vibroacoustic  response.  Option  2  includes  the  vibration 
modes  and  natural  frequencies  of  thin,  finite,  rectangular  plates  with  clamped  and  rotational 
supports  and  cylindrical  curvature  in  the  programs.^  Option  3  includes  fluid  loading  (i.e., 

^  References  are  listed  on  page  204, 
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added  mass)  of  these  plates  in  the  programs.^  Option  4  includes  radiation  damping  (i.e., 
added  damping)  of  these  plates  in  the  programs.^  Option  5  derives  simple  expressions  for 

computing  the  far-field  mean-square  acoustic  pressures  of  arbitrarily  excited  plates;  it 
expands  the  applicability  of  the  program  by  treating  turbulence  excitation  in  particular.^ 

The  chief  results  of  the  research  performed  in  References  1  through  5  are  presented  in 
Reference  39.  To  summarize,  the  overall  program  now  includes  the  vibratory  and  far-field 
response  of  turbulence-excited,  simple  and  clamped  plates  in  water  and  in  air. 

INTRODUCTION 

The  studies  cited  above  treat  the  computation  of  the  turbulence-induced  vibratory 
response  of  a  hull  plate  and  the  associated  outgoing  far-field  acoustic  radiation.  To  meet 
another  significant  naval  need,  we  now  proceed  to  complement  the  foregoing  computation 
by  considering  a  more  complex  model,  the  plate-cavity  system.^’®  This  model  treats  the 
turbulence-induced  vibratory  response  of  the  (hull)  plate  and  the  radiation  from  the  plate 
both  outward  to  the  medium  and  inward  to  the  cavity.  For  example,  the  model  could 
idealize  (1)  a  trough  with  the  plaie  representing  a  structure  covering  the  cavity  and  interfacing 
with  the  exterior  fluid  or  (2)  a  sonar  dome  with  the  plate  representing  a  sonar  window  to  the 
exterior  fluid.  For  simplicity,  the  model  in  the  present  investigation  is  chosen  to  represent 
a  trough.  Tlie  trough  is  simulated  as  a  rectangular  parallelepiped  cavity  covered  by  a  thin 
rectangular  plate  imbedded  in  an  infinite,  solid,  planar  baffle.  The  upper  surface  (z<o)  of 
the  trough  is  excited  by  a  turbulent  boundary  layer  being  convected  along  the  x-axis:  see 
Figure  1. 

The  chief  objectives  of  the  present  study  are  to  investigate  the  basic  physical 
mechanisms  associated  with  (1)  plate-acoustic  field  interaction  for  the  fluid-loaded  plate- 
cavity  system  and  (2)  the  contribution  of  turbulence  excitation  to  the  acoustic  pressure  fields, 
i.e.,  to  flow-induced  noise  internal  and  external  to  a  fluid-loaded  plate-cavity  system.  This 
includes  the  development  of  an  experimental  computer  program  to  determine  the  feasibility 
of  actually  making  computations  by  using  the  methods  developed  here.  Running  time  for 
a  particular  computation  is  also  evaluated. 

The  most  significant  results  of  the  present  investigation  are  (1)  the  computation  of 
the  intermodal  coupling  coefficients  for  a  fluid-loaded  rectangular  plate  and  (2)  the  develop¬ 
ment  of  a  method  and  computer  program  for  calculating  certain  spectral  quantities  for  the 
vibration  as  well  as  for  the  external  (half-space)  and  internal  (cavity)  acoustic  radiation  of  a 
turbulence-excited  plate-cavity  system  represented  as  a  rectangular  parallelepiped.  For  the 
present  analysis,  five  sides  of  the  cavity  are  considered  as  rigid  or  almost  rigid  and  the 
flexible  plate  that  represents  the  sixth  side  as  tlush-mounted  in  an  infinite  rigid  planar  battle. 
The  densities  of  the  fluids  in  the  half-space  and  in  the  cavity  are  arbitrary,  allowing  for  any 
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combination  of  heavy  and  light  fluid  loading  on  the  upper  and  lower  sides  of  the  plate.  Thus, 
in  general,  the  plate  covering  the  cavity  is  acoustically  coupled  to  both  the  external  flow  field 
and  the  field  within  the  cavity. 

Davies^’*®  has  derived  expressions  for  the  half-space  intermodal  coupling  coefficients 
for  a  thin,  flat,  flexible,  isotropic,  simply  supported  finite  rectangular  plate  with  a  dense  fluid 
on  one  side.  Th?  coefficients  occur  in  analysis  when  the  normal  vibration  response  of  the  plate 
is  expanded  in  u  series  of  in  vacuo  modes.^*®  The  effect  of  plate-fluid  interaction  leads  to  a 
coupling  of  in  vacuo  modes  represented  by  an  infinite  set  of  simultaneous  linear  equations  to 
be  solved  for  the  infinite  number  of  unknown  modal  response  amplitudes.  The  coefficients 
in  these  equations,  defined  by  integrals  which  couple  an  (mn)  in  vacuo  plate  mode  to  a  (qr) 
in  vacuo  plate  mode,*  have  been  evaluated  approximately  by  Davies  for  various  wavenumber 
and  frequency  regimes.  The  results  lead  to  a  fundamental  understanding  of  the  mechanisms 
associated  with  vibroacoustic  response  of  plate-fluid  systems.  Leibowitz^’^  has  compared 
and  summarized  the  earlier  work  of  various  researchers  in  this  area.  He  has  also  used  some 
of  the  results  to  compute  the  turbulence-induced  vibrations  and  radiations  of  thin,  simply 
supported  and  clamped  finite  rectangular  plates  in  an  infinite  rigid  baffle  subject  to  watei 
loading. 

The  report  develops  and  extends  earlier  presentations  in  detail.*  *  *  Note  that 
Reference  1 1  restricts  itself  to  offering  a  more  complete  ard  exact  calculation  of  the  half¬ 
space  intermodal  coefficients  than  given  by  Davies  through  a  term-by-term  evaluation  of 
lower  and  higher  order  terms  comprising  the  coefficients;  Davies  presented  only  first-order 
approximate  evaluations  for  the  coupling  coefficients.  In  general,  the  results  represent 
more  exact  approximations  for  the  coefficients  which,  as  shown  by  a  comparison  of  results, 
reduce  identically  to  Davies  first-order  asymptotic  results  for  nearly  all  cases. 

In  computer  calculations,  the  intermodal  coupling  coefficients  evaluated  here  are 
more  generally  and  easily  used  than  the  more  limited  evaluations  by  Davies;  see  Davies® 
and  Leibowitz  ^  for  further  discussion  and  application  of  the  coefficients. 

In  computing  spectral  quantities  for  the  response  and  radiation  of  a  fluid-loaded 
plate-cavity  system  excited  by  boundary  layer  turbulence,  the  turbulence  excitation  function 
is  assumed  to  be  described  by  a  semiempirical  model  devised  by  Maestrello.*  -  *  ^  xhe  develop¬ 
ment  of  an  experimental  computer  program  designed  to  enable  the  calculation  of  the  spectral 
quantities  is  documented.  The  computer  program  permits  the  calculation  of  the  narrow-band 
cross-spectral  density  and  spectral  density  of  (1)  the  plate  displacement,  (2)  the  cavity 
acoustic  pressure  for  hard  or  almost  hard  walls,  and  (3)  the  acoustic  pressure  in  the  distant 

•That  is,  the  coefficients  express  the  plate-fluid  interaction  by  means  of  the  coupling. 
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far  field  in  the  half-space.  Computer  calculation  of  the  complex  spectral  density  of  power 
generated  in  the  half-space  above  the  plate  is  also  allowable.  The  sample  computer  results 
presented  are  for  resonant  acoustically  slow  modes  which  correspond  to  frequencies  below 
the  critical  frequency. 

DISCUSSION 

SUMMARY  OF  RESULTS 

Table  1  summarizes  the  key  features  of  several  earlier  investigations  (referenced  in 
the  table^-  ‘^23^  vibroacoustic  response  and  noise  reduction  of  a  finite,  closed  panel- 
cavity  system  subject  to  various  types  of  panel  excitation:  complementary  material  is  cited  in 
the  bibliography.  The  present  study  extends  this  work  by  allowing  for  the  effects  of  plate- 
dense  fluid  interaction  (including  coupling  of  the  plate  to  both  the  fluid  in  the  half-space  and 
in  the  cavity)  on  the  plate  vibration  and  acoustic  fields  generated  in  the  half-space  and  in  the 
cavity.  We  treat  a  boundary-layer,  turbulence-excited  plate-cavity  system.  The  identification 
and  location  of  the  chief  results  ot  the  study  are  given  in  Table  2  together  with  a  commentary 
on  their  agreement  with  those  of  Davies.  Note  that  and  respectively  represent 

the  radiation  (real)  and  reactive  components  of  the  half-space  intermodal  coupling  coefficient 

j  ,  which  were  obtained  by  evaluation  of  Equation  (53)  for  the  various  modal  designations 

given  in  the  table.  Also  the  results  for  were  found  for  almost  hard  walls  or  hard  walls 
only  and  for  a  simply  supported  plate  enclosing  these  walls  of  the  cavity.  Lastly,  we  observe 
that  the  programmed  analytical  (working)  expressions  for  the  vibroacoustic  spectral  quantities 
include  only  the  contributions  of  the  joint  acceptances;  the  contributions  of  the  cross  acceptances 
have  been  shown  to  be  negligible. 

Additional  results  are  discussed  below. 

METHOD  OF  ATTACK  AND  THEORETICAL  RESULTS 

A  brief  survey  of  the  material  to  be  found  in  Appendix  A  through  G  is  given  below. 

The  survey  will  help  the  reader  to  rapidly  target  a  particular  topic  as  well  as  appreciate  the 
general  approach  to  the  problem. 

Appendix  A  -  Presents  the  derivation  of  the  wave  equation  for  a  convected  fluid,  thereby 
including  the  Mach  number  (M)  in  the  basic  equation.  With  a  flexible  plate  treated  as  one 
surface  of  a  plate-cavity  system  (hitherto  described),  solutions  in  the  form  of  integral  equa¬ 
tions  are  derived  by  means  of  a  Green  function-Fourier  transfcrm-normal  mode  approach. 

The  solutions  as  a  function  of  M  are: 
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TABLE  1  -  VIBROACOUSTIC  RESPONSE  AND  NOISE  REDUCTION  OF  A 
FINITE  CLOSED  PANEL-CAVITY  SYSTEM  SUBJECT  TO 
VARIOUS  TYPES  OF  PANEL  EXCITATION 
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TABLE  1  -  VIBRO-ACOUSTIC  RESPONSE  AND  NOISE  REDUCTION  OF  A  FINITE  CLOSED  PANEL-CAVITY  SYSTEM 
SUBJECT  TO  VARIOUS  TYPES  OF  PANEL  EXCITATION 
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panal  ma« 

M,  ntodal  maai  approx  imataly  aqual  to 

NR  noraa  reduction 

n  a  point  on  tha  fltructura  ^ 

n,  modal  danaity  of  a  room  of  voluma  V,.  aqual  to  — 

(asymptotic  axpraaaion)  ^ 

n,  modal  dansrty  of  a  room  of  voluma  V,(>abc).  aqual  to 

4,V,f  .S,f»  L, 

o'  Zc*  Be 

P, ,  P,  axtarior  and  intarior  praasuras  raapactivaiy 

ipaca  ai>arna  maan  «|uara  axtarior  and  mtarior  praau'aa. 
raapactivaiy.  comidaring  tha  mtamal  fiald  ravarbarant 

Pf  par«l  parimatar 

p,  q.  r  cavity  wavanumbar 

Q  quality  factor,  aqual  in  a  modal  oarapa  lanaa  to  - 

OP  quality  factor  (or  dynamic  maipifieation  factor)  * 

aqual  to  .If,  ,  «  « 

■  T«  •*  raaonanca  Q*  •  —  • 

R^*^  by  definition,  equal  to  Hanca.  aqual  to 

R^tfi  moddmachBnicalraeistaneaaqualtoy‘ai4'Ni))*da-n^wM^ 

for  ttia  unoouplad  modal  aquation  with  dampirtf  praiant 
where I*P'lxl)'do*  |  aasumingall  higbar  modes  have 
approximataly  tha  sama  modal  mass,  i.a..  uniform  areal  maas 

Rjillftn  modal  avarapa  machanical  raainanca  over  a  band  of 

fraquancNs  contaminp  N  modas,  equal  to 

adiara  w  is  tha  band  canter  frequency 

RJJJ  aqul  to 

V,  n 

r  equal  to  —  ^  •  1  (asymptotic  valua) 

S  surfacaaraa 

S|  aqualto2  (ab^^aerbe) 

S^lbj)  axtwaw  apace  avarapa  power  spactnim  of  pr aaaiira  with  tha 

structure  rawiovad 

interior  space  avarapa  power  spectrum  of  praaaiira.  ywrinp 

V,  vofuma  of  room  with  modal  danaity  n, 

V,  wiluma  of  room  with  modal  dwiaity  n, ,  equal  to  abe 

x.y.f  raconpular  coordinatM 

i  variable  point  on  aurfaca  of  dia  structure 

X,.  X.  diiplacamant  at  die  oripin  and  point  n  of  tha  Mructura, 

raapactivaiy 

r  wai^  danaity  of  panel 

Two  different 
approaches  are  pro 
•anted,  namely 

(1)  Statistical 
arwrpy  analysis 
(SEA) 

(2)  Intapral  aqua¬ 
tion  approach 
usinp  Green's 
function 

For  SEA  Aoproach 

1.  Auumpiiom  intanm  to  th*  itMinicM  mrfy 
method. 

2.  Innrnal  poMr  km  it  mgligibll  tor  imNI 
andowras. 

For  Intaaral  Equation  Approach 

1.  Acoustically  mducad  couplinp  of  tha  struc¬ 
tural  modas. 

2.  Any  dampNip  if  present  is  oonsidarad  m  tha 
analysis  to  ba  due  to  panel  flaxura;  thus, 
internal  acoustic  damping  affects  for  small 
andosuras  are  ipno.ad. 

3.  In  vacuo  modas  and  natural  fraquancm  of  tha 
structure  are  avadibla;  tha  moda  functioru  are 
ordioponal. 

4.  lim  r*  ^  ■  4t.  Ian  r*S  “  o,  Sommer faid  radia- 

r*o  r*o 

dGt 

tion  condition,  and  •  o. 

dv 

5.  Complatanauof  tha  sat  of  functions  4',(x) 
raprasantmg  tha  in  vacuo  modes  of  tha  struc¬ 
tures.  i.a..  tha  structural  displacement  can  ba 
constructed  from  a  linear  combination  of  tha 
functions. 

6.  Ractanpular  parallalopipad  andosura  (i.a . '  x) 
is  ripidly  baffled  exposing  only  tha  simply 
supported  ffexibla  panel  to  external  excitation 
vdiich  is  astimatod  to  ba  tha  blocfcad  pressure, 
I.a.,  tha  radiation  praaaura  asaociatad  with  tha 
external  acoustic  field  is  ignored. 
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<Cont.d) 


13. 14 
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Aw 

«. 

do 

f. 


dv 

i, 

M 

9 

♦.(i) 


<p»> 

S,(«l 

S,(cj| 

V 

"9 

P 

W 

Aw 


•,b,c 


*d  hoc  dcmplof  oooff  icioiit 
mcrcfiwnul  froquoncy  for  mode  •  (H<) 
jncrtmcntal  circulcr  froquoncy  in  radiam/ioc 
lofcrithmic  dccromont  for  modi  i.  oquel  «u  -  (n  — 
ctamont  of  lurfaco  croc  ” 

equal  to  1  for  p,q,r-o.  aqual  to  2  for  p,q.r>o 
•quivalant  viicout  dampinf  on  a  modal  boiia.  I  a.,  hypothotical 
parcantaia  of  critical  dampinf  for  moda  a 


THEORETICAL 

APPROACH 


panel  km  factor,  aqual  to 


^■ch 


■X  in  a  modal  ararapa  tanto, 

— a  “ 

i.a.,  avarafi  km  factor  oyar  the  modoa  oomidarad  over  a  band  of 
fraquanciai 

hypothotical  itnictural  dampinf  coaffidant  or  factor  for  moda  i, 
equal  to  2t,(^ |and  tharafora  at  raaonanoa  aqual  to  2f,  ■  ^ 
critical  waaalanfth 

iquara  of  cavity  aiganvalua,  aqual  to  *  (¥f  a  (— f  - 

p.q.r-0, 1.2 .  •'  ''' 

diffarantid  langth  normal  to  lurfaca  of  itruetura.  pointing  into 
the  cavity 

modal  coordinate,  whara  bar  indicataa  its  complax  nalura 
participation  factor 
density  of  air 

in  vacuo  structural  modas  (oralganfunetlon)  equal  to 
tin  2^  ,j„  SS;  „  „  .  ,  2. 3 . 

circular  fraquancy;  band  canter  froquoncy  (radians/sacl 
circular  raaonanea  fraquancy  for  moda  a  in  radiant/tac 
circular  ratonanca  fraquancy  for  moda  mn  in  radians/tac 
acealaration 
tpaad  of  sound 

modal  density  of  the  larga  room  and  is  aqual  to 

mean  square  acoustic  raaponsa 

radiation  lasittanoa  of  dia  structure  or  structure  to  room 
oouplhif  rasistanca 

acealaration  tpactral  density  of  the  structura  avaluatad  by 

multiplying  the  moan  square  acealaration  par  structural  moda 

by  tha  number  of  modaa  in  a  band  I  cycia  wida 

is  tha  sitactral  damity  of  tha  mean  square  acoustic  pressura  in 

die  room  equal  to 

volume  of  tha  room 

damping  coafficiant  equal  to 

dissipation  lott  factor  of  room 

ambiant  density  of  fluid 

circular  frequency 

fraquancy  band 


panel  area  (a  X  b| 

dimansiont  of  box  ancloaura  with  b  and  a  being  the  width 
haight  of  tha  flaxiUa  panel  raspactivoly.  and  c  tha  depth 
Sion  of  tha  box  normal  to  the  panel 

y 

acoustic  complianca  of  interior  fraa  volume,  equal  to _ E. 

acousticcomplianoaofpanal.aqualto  10'’AjF|a)/0 

spaad  of  sound  in  air 

longitudinal  wavavalocity  in  panel  malarial 
panel  banding  rigidity,  equal  to 


Statistical  Energy 


For  low  Iraouancias: 


Simple  pressure- 
volume  displacement 
ralationthip. 

For  hiah  fraouanciae: 


statistical  energy 
methods. 


MAJOR  ASSUMPTIONS 
AND  LIMITATIONS 


1.  The  calculation  of  tha  raaponsa  of  a  single 
moda  is  significant;  that  it  tha  modai  O't  are 
high  (structural  damping  producas  no  coupling 
batwaan  tha  modaa). 

2.  Couplit^  batwaan  acoustic  and  structural 
model  is  weak  and  linear.  Only  sots  of  struc. 
turd  and  acoustic  modaa  covering  tha  ama 
fraquancy  band  are  coupled.  Each  moda  in  tha 
sat  of  structurd  modas  it  equally  couplad  to 
each  moda  in  tha  sat  of  acoustic  modas  ovar 
tha  band.  i.a..  a  single  structurd  moda  interacts 
with  many  acoustic  modas. 

Tha  acoustic  field  it  ravarbarant  or  diffusa.  i.a., 
uniform  distribution  in  angle  of  uncorralatad 
model  in  a  fraquancy  band  so  that  tha  modd 
density  or  sound  intantity  it  indapandant  of 
angla  and  position  for  that  band.  Tha  acoustic 
spectrum  is  nearly  flat  ovar  a  fraquancy  band 
axcaading  tha  modd  bandwidth. 

Tha  rasponsa  Is  multimodal. 

Modd  amplitudes  ara  statistically  indapandant 
in  tha  santa  that  tha  total  raaponsa  anargy  in 
each  finha  fraquancy  band  is  attumad  aqual  to 
tha  sum  of  tha  rasponsa  anargiat  of  tha  rate- 
nant  modas  conuinad  within  that  band;  tha 
ravarbarant  fidd  assurai  this  proparty  d  suffi- 
ciontly  hidi  fraquancias.  i.a..  for  larga  modal 
dimities. 

Equipartition  of  modal  energies,  i.a.,  dl  modas 
within  a  f  raquaiKy  band  have  aqud  mean 


7.  Room  to  structura  coupling  ton  factor  is  much 
smaller  than  tha  dissipation  lou  factor  of  tha 


For  low  fraquancy  computation  C,  of  clamped 
plate  is  rastrictad  to  plats  aspect  ratios  graatar 
than  1.5. 

Intarmadiata  and  hid<  fraquancy  computatiom 
for  a  simply  supported  plats  induda  tha 
assumptiora  and  limitatiom  inharant  to  tha 
statistied  anargy  method  of  andysh. 

Plata  critical  fraquancy  is  hidiar  than  tha  first 
acobstic  raaonanea  fraquancy  of  tha  andosura. 
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RELEVANT  RESULTS 


REMARKS  OR  MISCELLANEOUS 


1.  Th*  r«Mlt  it  th»  powftr  tptctrum  ritio  rtiulling  from  tho  interaction  of  a  ravarbar- 
ant  acouttic  field  with  either  'a)  a  tingle  itriictural  mode  or  (b)  many  ttructural 
modat.  i.a.,  ravarbarant  field  of  ttructural  vibration.  It  rafart  to  direct  excitation 
^  CKfnial  random  forcat  with  coniaquant  generation,  via  the  vibrating  ttructura. 
of  a  ravarbarant  acouttic  field  in  a  large  room. 

2.  The  itatitticol  energy  method  ignorat  nonraionant  modal  energy  which  may  be 
tignificant  whan  damping  it  not  tufficiantly  lit^t. 

3.  The  ratultt  ihould  be  applied  to  caiat  where  all  ttructural  model  in  the  frequency 
band  of  intaratt  are  uniformly  coupled  to  all  room  modM  in  the  band.  If  differ¬ 
ently  axatad  or  differently  coupled  modat  occur  in  tht  band,  one  mutt  divide 
them  into  tubiatt  of  like  modat,  and  apply  the  ratultt  to  each  tubtet  laparataly 
uting  properly  modified  modal  daniity  axprattiont. 


1.  tow  FraouerKiet  (both  panel  and  ancloted  volume  are  itiffneti  controlled) 

NR  -  20log£  •  20log^1.^j 

2.  Intermediate  Freouenciet  (panel  it  reionant  and  volume  it  itiff) 

a.  For  tranimittion  vluo  to  one  mode  in  a  frequency  band,  i.a.,  for  a 
tingle  voluma-ditf. lacing  mode  in  Aw  (For  largatt  dinwniion  oa; 
if  largatt  dimention  Qt  then  multiply  by  ( a/0  )* ) 

Lowvr  iimitlnf  anvatopt 


t.  The  ratultt  are  applicable  to  a  tmall  andotura. 

2.  The  mtuitt  do  not  include  the  affect  of  the  cavity  (back  prettura)  on  panel  modat 
end  frequenciet. 

3.  At  very  low  frequenciet  both  wall  and  ancloied  volume  are  itiffneu  controlled.  It 
It  attumed  that  the  flrtt  in  vacuo  panel  mode  hat  a  ratonance  frequency  lower  than 
the  firtt  acouttic  cavity  ratonance  of  the  box  volume.  At  interm^iate  frequenciet 
thif  meant  that  the  acouttic  wavelength  it  greater  than  the  flexural  waveleni^h  at 
the  firtt  panel  ratonance.  Thit  raquirai  the  critical  frequency  of  the  panel  (the 
fret^ency  where  the  bending  wavatpead  aqualt  die  tpaad  of  tound)  to  lie  above 
the  toweat  acouttic  reaonarce  frequency  (atiumption  3).  Thut,  a  range  exiitt, 
ttarlmg  from  the  fundamental  natural  haquancy  of  the  panel  and  erMling  prior  to 
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hnction  dotarminini  tffict  ol  apoct  ratio  on  ponol  ttilf non, 

pkmad  f  or  iknply  Mipportod  and  dampod  ptotoi  in  tht  rMoronca 

Iraqiiancy 

Iroquoncy  o(  firtt  vokinw  roaonanea 
critical  froquoncy  ol  panel 
ponol  thicknoa 
ocounic  wavonumlMr 
ponol  bondinf  waanumlMr 
maaol  ponol 
noia  roduction 

modol  domitv  ol  box  Intwior  j  ^ 

modol  donoitv  ol  ponol  in  rodian  Iroquoncy  oqual  to 
nwcM  doniity  ol  room  ‘ 

ponol  paimota,  equal  to  2  lo  t  b)  -  2o(  1  *  o) 

mtomal  oound  proauro 

moon  oquoro  aouuro  in  incidont  rmorbaant  IMd  in  o 
bondwklth  Au 

intomol  lound  aoauro 

OanivaM-point  impodonco  oquol  to  )  P.ch* 


radiation  mittanca  of  a  partal  aqual 
an  octavo  or  mora  balow  f. 


for 


'4)i 

radiation  rotiitanca  ol  panal  dua  to  interior  of  ortctoiura,  i.o., 
looking  into  tho  box  inlorior.  oquol 

modal-dontity  rolio,  oqual  (o  —  ^  >  1 1 1  “0*0*0  ^ 

"o'',  2  p  T 

laiymptotic  lorm) 


m 


ravarboration  tima 
intarior  voluma 
room  volumo 

ratio  of  matarial  paramatari  aqual  to 
note  bandwidth 

il  apoct  ratio,  oqual  to  ^ 
rak)  ol  box  doptb  to  hoighl,  oquol  to  | 
loM  iMtor  lor  box  intaior,  oxproaiblo  by 
ponol  low  lactor 

aouitic  wavotongtli «  aitkol  Iroquoncy  oquol  tu  -p 
doniily  ol  air  ' 

ponol-molaial  donaity 
ponol-trammitiion  coollkiont 
rodian  Iroquoncy 

lymbol  lor  time  ovorago  oporation  or  moan  iquoro  quantity  in 
0  bandwidth  Aw 

length,  width  and  depth  ol  tho  lloxiblo  ponol  lying  along  x-.y- 
ond  I  roopoctivoly 

Fourier  coaHkiona  ol  motion  ol  ponol  vibrMing  in  tho  r'i'm 
modo 

qMod  ol  tound 
idantity  ol  nwirix 
itillnou  matrix 

'  direct  ond  crow  ocouitk  (gonoraiitad)  ftiHnow,  roopoctivoly. 

II  the  quantity  It  potitivo  tho  caity  att  a  o  itillnoa;  if  tho 

quantity  it  nogatia  it  aq  a  o  virtuol  mow. 

mow  marix 

gonoraiiiod  maw 

modo  numbore 

ocouitk  proauro  in  intarior  ol  box 

caity  ocouitk  proauro  octing  on  tho  lloxiblo  panel 

wolor  moon  iquao  proauro  «  nmo  rolwonco  point  x„, 
y,  on  tho  ponol 

ganoroliiod  ooordinota  ol  tho  ponol  modo  dolinad  by  n 
•nd  rV  romtivoly,  oquol  to  w„o““' and 
roipoctitoly 


Vibraion  ol  lloxiblo 
wall  roproaontod  by 
doubly  inlinito 
Fourkr  laka  loadi 
to  daaminotion  ol 
aouitk  velocity 
potential  in  box 
Irom  which  tho  bock 
proauro  it  com¬ 
puted  and  included 
01 0  ganaoliaad 
lorco  in  gonaoliiod 
aquotioni  ol  motkn 
lor  tho  moda. 


.  Velocity  potontial  oxpraiiUo  a  o  wporoblo 
lunctkn  ol  tho  thra  qwco  vaiobla.  Tho 
lorm  owumod  wtiilia  the  ocouitk  boundary 
conditioninthowolli. 

.  The  boundary  conditiont  do  not  oHow  lor 
abiorptkn  n  tho  walli. 

Traai  only  volumo  diiplaing  moda  ol  vibra¬ 
tion  whkh  would  bo  tho  only  model  ol  vibra¬ 
tion  to  bo  oxcitod  by  piano  aeouiti-:  wova 
normally  incidant  upon  tho  lloxiblo  wall  ond 
are  probobly  moat  oHactod  by  tho  covity  - 
they  comprko  one  quarta  ol  the  pouiUo 
moda  ol  tho  ayitom  and  ora  quHo  uncouplod 
to  tho  otha  thra  indopaidont  typw  ol  moda. 
Thoa  moda  ao  lymmotrk  about  tho  panel 
conta  lina  in  both  x-  and  y-diroctkni  ond 
only  involve  won  volua  ol  m  and  n. 

Fluid  looding  ond  radiotkn  impadona  ol  fluid 
utanal  to  tho  box  ii  ooniidarad  nagligiUo. 
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if^udi of  tht Plata oifMfunctkM  for  thanandrVm^ 
mpMtlvtly 

«.V,i  r«:tinful»eoordiiiMMtorilwboxcmltyivtMni,«^hoiw 

ooriMr  of  itM  box  n  Hm  orifin  nd  Km  (Inttil*  pml  M  X  •  c. 
x,.y,  roforaneo  point  on  pml 

P  dtmity  of  fluid  in  coxity  * 

4'  ocouitic  volocity  potontial 

pfMM  iHtMtwoonllM  motion  in  modtra  Of  rV  and  tho 
harmonic  torea  which  h  cauiinf  the  motion 
u  arcular  (or  radian)  fraquancy 

A„  totaiaraaofthaboxwalli 

A.  I  araa  of  tha  box  wall  j 

b  partainini  to  box 

a  tpaad  of  tound  in  air 

^  tpaad  of  lound  in  box  plate  whan  all  wallt  ara  of  tha  lama 
matarial  and  of  aqual  thkknaM 
tpaad  of  tound  in  box  wall  J 

C|  wall  oompliancat  (ratiot  of  ditplaead  voluma  to  praatuia) 

f  fiaquancy,  band  cantor  fraquancy 

f„  critical  fraquancy  of  box  wall )  In  air.  equal  tox/3c*/ahje„, 
h  tmx  wall  diicknaaa  whan  all  wallt  ara  of  aqual  thkhnata 
1^  thicknait  of  box  wall  | 

I,,  I,  tnaan  tound  intantityincidant  upon  tha  box  wallt  and  in  tha 
anclotad  tpaca  ratpactivaly,  i.a..  incident  and  anclotad  tpactral 
dantity  of  tound  powar  par  unit  araa.  axarapad  oxer  Af  and 

L  turn  of  all  box-adga  lanqtht 

L^l  parimatar  of  box  wall  j 

NR  noiaa  reduction  proxidad  by  box,  ratio  of  maan-tquara  tound 
pratturat  at  a  location  before  and  after  introduction  of 
itolatinf  tyttam 

^A'^Vxi  •'•tasa  modal  dantity  of  room,  box  interior  ami  wall  j 
rotpactlxaly 

Pr '  P|  tound  prattura  in  box  anclotura  and  incident  prattura  in  out- 

tide  roOT  laxpactad  for  a  rigid  box  to  be  within  1  dB  of  tha 
acouttk  prattura  on  tha  box  lurfacal  ratpactixaly 
r  pertaining  to  tha  tubeyttam  r  or  to  room 

Sj.S^.SF  tpactral  dantity  of  aquixalant  prattura,  axaragad  oxer  tima  and 
Af  for  box,  room  and  tpaca  tndotad  by  tha  box  ratpactixaly 
V  xoluma,  utually  of  box 

w  pertaining  to  tubtyttam  w  or  to  box  wallt 

At.  Au  axaraging  fraquancy  band  in  harta  and  rixiiant,  raqiactixaly 
I)|  km  factor  in  anclotad  tpaca  dominated  by  xiioout  and  Itiarmal 
kmat  at  tha  boundary  (loiaac  due  to  Intarnal  abtorption  of 

t  cA 

the  air  ara  contidarad  nagligibla),  aqual  to  *  where 
*i«  ■  **  **  at  room  tamparatura 

\  total  wall  km  factor,  approximataly  equal  to  ifl  -niV  • 
maaturad  km  factor  ^  ^ ' 

internal  lota  factor  duo  to  dittipation  in  wall  j  and  coupling 
km  factor  aaociatad  with  unidiractional  flow  of  energy 
from  wall  j  to  tha  outtida  room,  ratpactixaly 

p  modal  dantity  corraetkm  factor  equal  to 

.  .  V  Lc* 

1  ♦  a.t'r  +  '  ■ 

»»v  32x|av 

P  dantity  of  air 

P,  dantity  of  wall  matarial  whara  dl  walli  ara  of  tha  tame 
matarial 

p,i  dantity  of  matarial  of  wall  j 

r  wall-trantmittion  coafficiant 

u  radian  fraquancy 


Statittical  Energy 
Analytit 


MAJOR  ASSUMPTIONS 
AND  LIMITATIONS 


B.  Simply  lupportad  panel  It  contidarad  to  be 
xibrating  fraaly  in  a  mode  contMIng  of  a 
limited  turn  of  modified  Inxacuo  panel  modat 
^  tha  damping  It  laro.  the  modified  modat 
includa  tha  atiffnatt  or  xirtual  mate  affect  of 
tha  backing  eaxity. 


1.  Broadband  random  excitation. 

2.  Aitumptiont  inherent  to  Statittical  Energy 
Analyiii.  In  particular  tha  ttructural-aoouttic 
medal  of  Iba  complax  dynamic  tyttam  partaint 
to  la)  a  linear  tyttm  with  tmall  kmat, 

lb)  looialy  and  oonaarxatixoly  couplad  tub- 
tyttamt  whoat  modaa  can  ba  approximattd  by 
tha  modat  of  nonditiipatixa  unooupltd  tub- 
tyttamt,  |c)  a  raxarbaram  field  of  xibration  by 
which  it  It  meant  that  tha  modat  within  tha 
lubtyttamt  and  fraquancy  bandt  are  tempo¬ 
rally  uncorralattd,  i.a.,  ara  ttatittically  inda- 
pandant,  and  haxa  equal  mean  energy,  or  haxa 
aquiparthlomd  energy.  Id)  wkMband  excita¬ 
tion  undar  which  each  mode  aooaptt  mott  of 
Hi  anargy  in  a  narrow  band  around  Hi  raio- 
nanca  fraquancy.  For  itationary  random 
condHioni  tha  mean  kinetic  and  potential 
tnwgiat  In  each  mode  art  aqual  to  each  other . 
Than  ignoring  rttulti  lor  indlxidual  modat  tha 
maan  ipactnim  of  anargy  itortd  in,  and  power 
for,  the  tubtyttam  It  obtainad  aa  a  tpaca-tima 
axaragt  of  tha  modal  antrgiai  and  powar,  addi¬ 
tionally  axaragad  oxer  tha  many  model  con- 
tainad  in  tha  fraquancy  band  Al  (whara 
Al«u,  tha  band  canter  fraquancy).  The 
tyttam  powar  and  anargy  It  tha  mm  of  tha 
powari  and  tnargiat  In  tha  tubiyilami. 
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TABLE  1  -  VWRO-ACOUSTIC  REIPONSE  AND  NOME  REDUCTION  OF  A  FINITE  CLOKD  FANEL-CAVITY  SVSTEM 
SUBJECT  TO  VARIOUS  TYFES  OF  FANEL  EXCITATION 


RELEVANT  RESULTS 


I'-l  *’•1 


or  in  Matrix  form 


REMARKS  OR  MISCELLANEOUS 

3.  NRitihinetlonof  BwpiMi  petition  choMD  lor  ttwdMwmiiMtion  of  bMk  pm- 

•uroandlhtlnqiNney.  ThtqutntHvj^^litloundlroinllwiolutionof  nwtrlK 
iquttiont|i«OTintlMiof«OTOO.  I'^l 


4.  OrriythtiMidy  iMtopoitofllWfiiionlioliitioniifoiiiiillMrtHidituitdin 
amlyiliif  the  fioo  otcHInion  of  the  poml-cmitv  lymin.  This  it  not  corrKt  linoo 
tiM  tnmitnt  p»t  of  tfw  fmrB  tohitlon  BmuM  hivt  btin  uMd  in  thit  intttnco. 


3-  Noiit  RtJuctioo  for  SimplY  SupporfI  Fintl-Cttitv  Sytttm  nthtn  Sw 
Fintl  it  SubiocttJ  to  Htrmonicilly  Voryint  Sound  Frtttunt 

NR  -  20  loi„  -Sl 


Crott  ioouttic  ttiNnott  implitt  that  motion  in  ont  modt  of  vibration  pivot  rita  to 
ponaraliatd  loroat  in  otiiar  modat  to  tfiat  tha  oripinal  in  vacuo  modat  art  now 
ttlffntat  coupltd.  Tha  pMiaralitad  foroa  it  proportional  to  tha  panaralind  ditplaoa- 
mant  of  tha  panal  modat  of  vibration  and  it  thartfoia  raptrdad  at  an  acouttic 
ttiffnaat. 


1.  Low  Ftaquaneiat  (at  tmquanciat  balow  tha  lowatt  rotonaneat  tha  hoi 
panah  and  tha  andotad  air  act  at  pure  ttiffntiiti) 


2.  Intai^iata  Froquanciat  (at  fraquanciat  aatandina  from  tha  lowatt  ho« 
panal  ratonanca  to  tomawha;  balow  tha  lowatt  acouttic  ratonanet,  tha 
air  in  tha  box  ttHI  actt  lika  a  pura  ttiffnaat  cloatly  coupltd  to  tha  wallt 
but  tha  wallt  txhibit  rttontnt  bthavior) 

a.  Noiat  Raduetion  at  Sinpla-Wall  Rotonaneat 


b.  Noitt  Raduetion  in  MuHimodal  Bandt 


NR  • 


5 

sr 


For  all  wallt  of  tama 
mattrial  and  of  aqual 
thick  natt 


3.  High  Fraquanciat  (at  frtqutnciti  wall  abnva  tha  fundamantal  panal  and 
acouttic  rotonaneat,  tavtral  panah  at  wall  at  tavaral  acouttic  modat  lit 
within  tha  contidartd  fraquancy  bandtl 


NR  ■  ' 


S' 


"-Ik 


sf  (i£o, 


'wj  "■( 


1  + 


'wi"w| 


1.  AithouB*  tH  wallt  of  boa  am  flaxfela  in  ptnaral  tha  ratuitt  can  bt  applM  at  a 
tpacM  catt  to  a  box  with  all  walh  rigid  axetpt  ont.  Mortovtr,  for  tha  eata  of 
tinglowall  rtaonanoat,  all  panah  whota  rttontneat  lia  outtMa  tha  fraquancy  band 
contidartd  can  bo  contidartd  at  rigid  ovtr  tha  band.  If  two  oppotha  box  panah 
vibrato  at  or  nttrththr  common  ratonanoa  fraquancy  and  mevatymmatrictlly  in 
photo  with  aach  othtr  tha  proMam  can  ba  raduetd  to  a  lingh  nonrigid  wall  by 
aontidarlnghalt  tha  volumt. 

2.  Ratuitt  far  intarmadiata  and  high  fraquanciat  am  applictbla  to  a  tingla  nonrigid 
box  wall  trtatad  at  a  baNhd  hingad  plata  lor  modat  trail  balow  tha  critical 
fraquancy  1^  of  dta  wali. 

3.  Tha  dattical  wall  banamhaion  thtory  takat  into  account  only  forced  wavat  at  they 
would  appttr  in  a  wall  of  inf  Inita  txttnt.  Tha  rtauin  lor  thh  iKa^ am  axpacttd 
to  ba  valid  at  hl#i  fraquanciat.  wham  tha  box  ptntit  txtand  ovar  many  llaxural 
wtvalangtht  and  tha  httarior  ipaca  ancompattat  many  acouttic  wavalangtht.  In  a 
ranga  ona  or  two  octavat  balow  tha  critical  fraquancy  thh  theory  for  tha  predic¬ 
tion  of  NR  wat  in  hattar  tgrtamam  with  axparimant  than  tha  praiant  dttory  for 
hiBi  fraquancha. 

4.  Tha  trantmittion  behavior  of  a  box  at  a  ghttn  fraquancy  it  drawn  to  depend  on  tha 
relation  of  thh  fraquarray  to  tha  lowact  panal  and  acouttic  ratonanca  fraquanciat 
and  tha  crithtl  fraquancy  of  tha  wallt.  Thaory  and  txptrimam  draw  that  near  the 
kxrraat  panel  raaonancaa  tha  prttaum  in  tha  bnx  may  conddartWy  txcatd  that  in 
tha  incident  tound  field. 

5.  Tha  ratulti  obtainad  from  vibration  and  tound  matturtmantt  on  rectangular  alumi¬ 
num  boxat  warn  found  to  agrta  raatonably  wall  with  thaoratical  prtdictiont  bated 
on  varioui  modalt  applicabla  in  dilfarant  fraquancy  ragiona. 


4.  Clattical  Trantmittion  Thaory  (Forced  wavat  only) 


NR 


1  ♦  - 


4u»TjV 

'iA,. 


For  walli  of  oqual 
trommiuion  o^ficwnt 


TMLE  1  -  VIMKNkCOUSTIC  REVONK  AND  N04EE  REDUCTION  OF  A  FINITE  CLOREO  FANEL-CAVITY  tVSTEM 
lURJECT  TO  VARIOUS  TVFEt  OF  FANEL  EXCITATION 


16 


TABLE  1  -  VIMO-AOO(MTIC  REVONSE  AND  NOISE  REDUCTION  OF  A  FINITE  CLOSED  FANEL-CAVITV  SYSTEM 
SUBJECT  TO  VARIOUS  TYFES  OF  FANEL  EXCITATION 


RELEVANT  RESULTS 


A»ni  SfluiM  RiSImIob  trow  i  inwll  wHh  BtindlM  Bwdint  Wmm 
SlmnoldN  SRipi  (l.t..  I(y.»>  -  A  cot  li^y  cot  fc,i) 


<!»'>» 

<V*> 


JT^"-  •«  — >o.os 


md  CM  9  not  too  imiH. 


REMARKS  OR  MISCELLANEOUS 


TYm  rOMilti  cro  foriRo  froqucncy  ranft  abovo  ooMeMinco. 

w» 

lo  the  frequency  rMigi  iboM  eolneidenoe.  orhoro  k*  *  kf<  — ^  -  k* 

or  c^>i^,  fcr  1  fi»on  itondlnt  wiw  on  tho  will.  1.0.,  fironu,  1^,  k,,  thOHund 
proMwo  In  tho  mom  it  buNt  up  of  vory  low  modot  with  lOMranoo  mquoncy  lykif 
ckMOlou.  Forinthitranttthooaupliiii, intlimltidlioquoncylmonol. lortho 
mom  wwoi  to  flw  wMI  wovot  in  tho  y  and  i  dkactiom  It  lipiifloam  only  tor  tho 
voiy  tow  mom  modot  tor  which  mt<liyb<lm+1)t  and  na<k,c<(nr'1)a. 


3.  Tha  analytit  kidicalat  that  abovo  ooinchtonea  tho  radiation  fmm  a  ittndint  warn  of 
linuioidtl  dttpt  on  tha  wall  in  a  room  it  on  tho  artrtya  vary  naarly  tho  tamo  at  tha 
radiation  from  dm  tamo  wawa  Into  a  ttmi-infinila  moto. 


A  Tho  mhitiondtrivaditott  not  lOtMy  all  tho  boundary  oonditioiit.  HtneoHitnot 
ttrietly  corroct  aldtou^  it  it  utaful  for  an  undarttandkif  of  tha  panal.room  prob. 
lam. 


1.  Simply  Supportad  Fana|.Suherltical  Fraquancy  Rtnaa 
a.  ",m  ■  ^FhCJa+bl  f<0.2Sf. 


b.  R^ 


S«phC^(t*bl 


an-.(Xf 


’'T 


•(if 


■  r. 


<o.s 


Nola:  (al  It  a  limplifiaaiian  of  lb)  for  tha  fraquancy  rania  11000  100  101 
Z  Simply  Supportad  FanaLSuberltlcal  Fraquancy  Rarnt 

"ma  ’  (^)O-t)  =  0»  ('-rf'V" 


3.  ClampadFanal 

'"-’—wwl 

or  k,«k, 


;  tor  adfo  modot  k,«k. 


;  for  k,=k. 


A  Simply  Supportad  Flato-Ncin-proalmata  Modal  CoupUng  at  Subcritical 


4(arb>p^ 


•I.+ 


“n. 


1.  Sjnoathoaco>!3liclialditnottraatadatdiffum,  thathaoryiinowtpplicablatotl 
cata  wham  t'nt  anclotura  dhnantlon^outtic  wavatanfth  ratio  it  not  larft. 

2.  A  lowarllmItInatmQuancv  It  found  above  which  dia  modal  tvtraaatubcritical 
aoouitic  radiation  affician^  It  aqual  to  dwt  of  a  btiflad  iimply«ipporttd  panal 
radiatint  into  a  fraa  Hold  but  below  which  die  radiation  afficitney  fallt  balow  tha 
fraa-fitld  vahiat;  dia  lattar  It  axplaintd  by  non.prexifflatt  moda  oouplint  thaory 
datcribad  balow.  Thit  limit  It  important  for  imall  boa  volumta,  i.a.,  whara  tho 
dimamlont  of  dia  containing  vaatal  am  net  Itrta  oomparad  to  dw  umraltnidi.  At 
tuparcrltical  traquanciaa  tha  radiation  aff  Iclan^  b  found  to  ba  aqual  to  hall  that  of 
a  natly  radiatiiq  ponair  Tha  kwvar  llmitinf  fraquancy  b  confirmed  by  maatura- 
mantt.  Tha  axparimantal  raaubt  |iva  qualHaaiva.  but  not  univarttlly  |ood  quanti- 
tativa  rttubt. 

3.  For  tubcrblcal  traquanciaa  which  corraapond  to  tha  condition  k,>k,|*  u/c,l  tha 

di 

tha baw acouttoatructural  coupllm ocourt  for  p<-^whan  p*mt1,  q*enand 
bh 

forq<-^whanq>ni1,  p«rm,  whtrac<1  liaa Fiyum 2 of  Ratoranca paper). 

Wa  daacrfea  dwaa  acouitb  modot  at  havinp  proalmata  moda  couplini  to  tha  indi- 
viduai  itructural  moda  conaidarad.  Such  mode  paira  am  bodi  cloia  In  natumi 
fraquancy— dw  diffarance  in  tha  fraquaneba  of  tha  kitaractinf  (i.a.,  coupladi 
modat  b  taf  than  half  dw  turn  of  dw  half  power  bandwidihi— ami  have  tha  bait 
avadabla  wava  oompoiwnt  match  in  abhor  dw  a  or  y  dkacdonik  the  ooupHnf 
factor  b  a  maabnuffl  by  vbtua  of  both  wavalanqth  matchini  in  one  diraction  and 
natural  fraquancy  proaknity.  Tha  itructural  modat  am  retorrad  to  aa  "adpa 
ffiodaa"  In  dw  analyib  of  fraa-ftoW  radiation,  i.a.,  dwia  modat  am  wall  couplad. 

A  For  luparcrbical  froquanciat  which  corraapond  to  tha  condition  k^<  k,  ^  ^ 
dw  maaknum  eouplinf  domkwtitif  dw  froquarwy  ranpa  corraqwndt  * 

lop-mil.q'ntl.  Modoahavkif  p*mt1,q>nt3andvicavarwcontributo 
about  2S%  of  tho  total  oouplinq  with  dw  oontributloni  Iram  all  olhar  modal 
coupUnfi  bakif  nopUpiblo  (mo  Fipum  3  of  Rafaranca  paper). 

S.  RaauH  lla)  apraaa  cloaaly  wbh  dma  of  Rafaranoa  26  for  "ravarbarant"  fbid  vibm- 
tkm  of  a  baffled  penal.  RaauK  2  doai  not  apraa  with  any  pravkwi  attimatat  of 
■iparcrbical  radiation  mabtanca  for  baffled  panah,  or  with  tha  analytical  raaulti  of 
Rafamiwa  19  tor  a  ibnilar  boa  lyitam.  It  ybMi  half  tha  pravkwily  reported  100K 
radiation  affbbncy  tor  baftlad  panab.  Ratub  3  kidbatai  that  cbmpad  plate 
radiation  dampkif  b  approaknataly  3  dB  iraaltr  than  that  of  tha  limply  lupportad 
plow  for  It/f.)  <  0.6.  Tha  factor  dacmawi  at  If/f.)  tpproachai  unity  and  b  equal 
to  unby  or  cam  dB  at  luparcrbical  Irtquanciat,  i.o.,  tha  radbtion  dampinq  of  a 
cbmpad  plala  tactadi  dw  iknply  lupportad  vahw  by  a  factor  varykii  from  about 
3  dB  at  low  fraquaneba  to  laro  at  tha  critical  fraquancy  and  above. 


A  To  tha  raeubt  tor  pmakiwta  modal  couplini  am  added  ranilt  4  for  nen^lroalmata 
modal  coupitna.  Tho  latter  raiult  b  tor  a  froquancy  band  in  which  dw  canter  fro- 
quancy  Iba  Mow  dwt  aatkiwtad  and  aim  axparkiwntally  dwwn  to  ba  tha  lower 
Hmb  lor  maaknum  proxkiwta  oouplkit.  In  thb  band  no  acouitb  modal  have 
natural  fraquaneba  ctom  anou^  to  that  of  a  typical  itructural  moda  ki  a  band  to 
•iva  proakiwta  modal  couptbif.  In  othar  wordi,  for  thorn  fraquancy  bandi  of 
andyib  tor  which  dw  avarafv  numbar  of  acouitb  modal  havini  maalmum  proai- 
malacoupikii  to  dw  itructural  modal  ki  tha  fraquancy  band  of  analytii  b  baa 
dwn  unby,  it  b  nacawary  to  ooniidar  couplinq  botwmn  acoubb  and  itructural 
modal  tor  which  dw  natural  fraquaneba  am  further  apart  than  half  tha  lum  of 
dwk  hallpovvar  bandwidtht.  Fiium  4  of  tha  Rofamnoa  paper  iliowi  tha  lattba 
pointo  of  acoubb  modaa  which  have  natural  traquancbi  wbhin  an  analyib 
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TABLE  1  -  VIBR0-AC0U8TIC  BEVONSE  AND  NOISE  REDUCTION  OF  A  FINITE  CLOSED  FANEL-CAVITY  SYSTEM 
SUBJECT  TO  VARIOUS  TYFES  OF  PANEL  EXCITATION 


REFERENCE 


AUTHORS  NOTATION 


THEORETICAL 

APPROACH 


MAJOR  ASSUMPTIONS 
AND  LIMITATIONS 


Clu)  ralMivpaorrKtionftetarlof  •quivtNntmKbMintlMd, 

S^lu)/S.lul 

c  mbMitt  ipMd  of  nund 

I  ndinion  froquoney 

NR  noiw  roduelion  tar  boundirv  layor  oncItMlon 

NR,  nolM  raitactioii  tar  rotothoront  fWd  oiicitaiion,  touil  u 

10 

N(f|  total  numbar  of  modal 

nifl  modal  danaMy  of  intarnal  acouitic  fMd 

f^  maan  iquara  of  tfMrafaranoapraiaura.aqual  to  0.0202^)^ 

maynification  (or  raionant  amplifieationi  factor 
of  an  aeouftie  moda 

tatal  abaorfainf  aurfaoa  araa,  aqual  to  £S  and  i"*  abioibint 
aurfaoa  raapactNaly 
$,  tranamlttint  araa 

S^(ul.^(ul  aatarnal  praaaura  ipaetral  danaitiaa  for  tuibulant  boundary 
'  layar  noiia  fWd  and  for  aquNalant  ranrbarant  fMd. 
raapaetivaly 

S^lul  ipaea  aaaraga  apactral  danaity  of  tha  Intarnal  praaauta 

^luLi^lul  apacaaaaraiadiaplaaamantapaetraldanaltiaitortuibulanea 
'  boundary  layar  noiaa  fMd  and  for  aqubalant  lawarbarint 
fMd,  raapaetivaly 

SLIul  tiuaaxtarnaltutbulaneapioaauioapactrumlaval.aqualto 

S.(wl 

10 10,-^ 

SL.Iul  ipaca  avaraga  intarnal  priiimo  apactrum  laval,  aqual  to 

S  (wl 

10  lo,-^ 

a  Maraqa  (random  incWancal  abiorption  ooafficlant  lor 

.  ^  (r  0,8,1 

aavaial  aurfacaa  aqual  to  — 

I,  abaorption  coafficiant  lor  araa  S, 

Of  Iraquancy  bandwidth 

ovarall  tranamMion  coafficiant  of  tha  itructurattirou^ 
tha  tranamittinq  araa  S, 

i.b.c  room  dtaionitana  in  tha  a.y.i  diroctioni  raipactivafy 

whara  b.c  alao  ripraiant  tha  pamd  dimaniioni 
0„,„  couplinf  coafficiant  batwaan  room  modai  m.n  and  paiM 

mod«aq.r.aquaHo±  .  Thiacanba 

viawad  ai  coniiitini  of  two  diitinct  parti,  coupiing 
mUiemnt  *  in  tha  y-diractkm  and  a  coupiini 


coafficiant  -  in  tha  i-diraction 

valocity  of  banding  wava  in  parM 
vakwity  of  longitudinal  wava  in  parM 
valocity  of  aound  in  air 
moduhia  of  rigidity 

function  aqual  to  ,  , 

function  aqual  to  u*E„„lal;  aaa  "Raauhi" 

O' 


r  In  tha  i-diraction 


Dalinaa  tha  apactral  ExManea  of  r 

Intamity  of  an  Mica  fMd. 

aquivalant  lavarbar- 

ant  IMd  adiich 

producaa  tha  lama 

itructural  raaponaa 

aa  doaa  aacitation 

by  boundary  layar 

turbuMica. 


I  fMd  aquivalant  to  turbu- 


Ganaral  lolution  of  1.  ParM  and  room  damping  ara  axcludad  in  tha 


Wava  Equation 


aoui  Boundary 
Conditiom,  baaad 
on  modal  thaory 


analyiii — but  can  ba  accountad  for  in  tha 
rawiti  by  raplacing  tha  panal  and  room  aigan- 
fraquonciai  by  a  complax  quantity. 

2.  Simply  aupportad  panal  (nota:  with  luitabla 
modification  tha  ginaral  lolutlon  can  ba 
appliad  to  all  typai  of  paiM  adga  conditioni). 

3.  Amplituda  of  praaaura  dilfaranca  on  tha  panal 
ii  a  function  of  panel  and  room  modaa  includ¬ 
ing  tha  phaaa  dilfaranca  batwaan  tha  pniiurai 
on  tha  two  aurfacaa  of  tha  paiM. 
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TABLE  1  VIBRO-ACOUSTIC  RESPONSE  AND  NOISE  REDUCTION  OF  A  FINITE  CLOSED  PANEL-CAVITY  SYSTEM 
SUBJECT  TO  VARIOUS  TYPES  OF  PANEL  EXCITATION 


RELEVANT  RESULTS 


^  FquiwNnt  rtwrlwfint  iwd  mpumd  n  •  dB  ratio  ol  tha  aaciting 
prtMurw  '  * 

a.  %  ..  .  SJul 

IOI09  J  i^i  - -IOIooft— 5. 

^'^'■oundwy  liytr  Sptu) 

Boundary  RMarbarant 

Laytr 

e  ,  t  SL(W| 

S^(w) 

t(u)l 


S  (u|  s^(w) 

whara  S^  (wl  »  S^lul  by  dafinition 

2.  Spaca  avaraga  Dantitv  iniida  ttia  fuialaoa 

~S,  (ui 

Spiul  S^icjl  — 

■  ®p‘“’  ^  TIZJ  ^ 

Sp  (cj 

or  in  dB  form  S~itJ 

SLiiw)  •  SL(w)  -NR,  +  C(w) 

3.  Noiia  Raduclioo  lot  Boundary  Lavar  Noita  Eacitation 


NR  -  NR  -C(ul 


whara  NR,  -  10  log  1  ♦  it  applicNila  for  ditfu 

£■  ■  J  ^  ** 

liaMi  whan 

n(f)-Af.[^|Afl.ri^].r'  ]>,0 

"•[-J 


for  diffiiM  intfrnal  sound 


I _ _ REMARKS  OR  MISCELLANEOUS 

bandwMh  cantattd  on  tha  natural  frgquancy  of  a  typical  itructural  modA  but 
not  within  tha  bandwidth  for  proximata  coupling. 

7.  Tha  analyili  ihowi  that  it  it  not  nacatnrily  oorract  to  aiauina  that  many  acounr 
moM  coupla  with  an  individual  structural  moda  avan  if  tha  modal  daniity  ratio  it 
l!  «««ty  tquatiom  for  tha  production  of  an  acoua 

tic  fiald,  ratponia  to  acoustic  excitation,  and  tha  diffaraneg  batwaan  couplad  and 
uncouplad  lost  factors,  mutt  ba  corraetad  at  datcribad  in  tha  rafaranca  p^iar  whan 
tha  machanical  Ion  factors  ara  of  tha  sama  ordar  at  tha  radiation  loit  factors. 

1.  R^lt  1  dafinat  an  aquivalant  fiahf  which  raplacas  boundary  laytr  turbulanca  yat 

y“™=«»  Itructural  ratpontas;  i.a..  identical  displacamant  power  ipactral 

dansitias.  This  concept  is  particularly  useful  In  simulating  fluctuating  praitura 
anviroManti  whan  studying  transmission  loss  charactaristict.  I.a..  noita  reduction, 

U  oftMi  dMtrminid  for  on  •xttrrwl  rtvtrbtrant  tourtd 

f(tid  driying  th*  itructurt. 

2.  In  rtMitt  1. 2.  Mtd  3  ttM  eorrtction  foctor  Cfw)  has  tha  valua  nacaasary  to  corract 
tha  noisa  raduction.  computad  for  ravarbarant  fiaM  axcitation.  so  that  It  corra- 
iponds  to  tha  actual  noisa  raduction  for  tha  tnia  or  boundary  layar  axcitatkm. 

Thus,  NR|  =  NR  ■  NR^  -  C<w ).  Tha  valua  of  C(w)  may  ba  computad  from  tha  print- 

iBouMlsrv  laytr  c  e 

out  providad  by  tha  program  (in  tha  rafaranca  papar)  of  tha  ratios  x-i—i  and  sn— i 

Sp^lwl  Sp(u>) 

Although  this  ratio  can  ba  computad  ovar  tha  antira  fraquancy  range  tha  following 
*  •“BBBitad  as  a  rough  critaria  for  tha  fraquancy  ranga;  compute 
Mw)  from  tha  program  listing  from  approximately  twice  tha  p^  fundamental 
fraquancy  to  tha  hi^iatt  fraquancy  of  intarast. 

3.  Tha  noisa  raduction  NR,  for  rMorbarant  field  excitation  is  computad  by  aithar  tha 
modal  approach  or  tha  diffusa  field  approach.  Tha  former  approach  considers  tha 
modal  msponsa  of  tha  internal  acoustic  field  and  an  expression  for  tha  noisa  reduc¬ 
tion  is  obtained  by  a  modal  summation;  see  rafaranca  papar  for  analytical  details. 
However,  at  hi#t  fraquanciai  whara  tha  modal  density  is  hi^  this  invohas  lengthy 
c^putatlons.  avan  for  a  computer,  so  that  it  is  prafarabla  to  simpliN  tha  approach 
in  mb  region  and  use  more  conventional  methods  for  computing  noisa  raduction. 
This^n  ba  dona  if  tha  nmdal  darwity  is  sufficiently  hi^ — of  tha  ordar  of  10 
modes  par  bandwidth  or  mora-^so  that  tha  sound  field  can  ba  coniidarad  to  ba 
uniform  both  in  ipaea  and  spectral  content,  i.a..  NR,  is  computad  for  a  diffusa 
internal  sound  field.  Result  3  gives  tha  frequency  at  which  tha  modal  daniity 
raquiramant  is  lathfiad. 


Transmission  Loss 


phfaj  . 


1  “m.  “*  ) 

'  V“**  -  ’  /^L  -  j 

V'*'  ‘  VV"’ 

and  for  itaidy  itatg  vibration 

<pi>!  -  <p„>l  -  <p,>; . 


1.  Tha  ganaral  lolution  gbran  hara  axplaim  tha  occurigneo  of  tha  phanomanon  of 
coinexfanca  for  a  finita  panal.  It  alio  axplaim  tha  radiation  of  lound  anargy  into 
tha  cavity  balow  and  above  coincWanca.  Tha  anargy  tranamittad  to  tha  room  can 
be  supplied  by  resonant  or  by  non-rasonant  modes  and  it  most  affactiva  at  fra¬ 
quancy  range  above  coincidanca,  i.a..  for  modes  for  which  tha  forced  fraquancy 
•xcaads  ^  room  aiganfraquancy.  This  chiefly  governs  tha  transmission  st  high 
fraquanctas.  Modes  for  which  tha  room  aiganfraquancy  axcaads  tha  forced  fra- 
quanc^mdUM  poorer  sound  transmission.  At  lower  frequencies  a  large  number 
of  modes  fall  in  tha  latter  category  and  hence  produce  little  acoustic  pressure  in 
die  mm.  Moreover,  tha  radiation  of  anargy  Mas  place  only  by  certain  specific 
mmbinations  of  room  modes,  i.a.,  certain  room  ni>oda-paftal  moda  combinations 
do  wrt  couple  at  all.  For  those  that  couple  tha  coupling  coefficiant  is  a  maximum 
whan  tha  panel  modes  ara  closest  to  tha  room  modM,  l.a.,  whan  m  •  o  1 1  and 
r»ot1. 

2,  Maximum  sound  transmission,  or  minimum  transmission  loss,  occurs  whan  tha 
r^  aiganvactor  is  at  tha  gracing  angle  of  incidanca.  i.a..  ram  the  flaxibit  panel, 
under  conditions  of  maximum  coupling  and  panel  rasonanca.  Mora  precisely,  tha 

sound  transmission  loss  will  ba  a  minimum  whan  tha  expression  for  — given 

in  tha  results  becomes  minimum.  I.a..  whan  tha  expression  ^(al  becomes  maxi- 

qr 

mum.  This  will  occur  whan  HI  maximum,  i.a..  m  •  q  1 1.  n  •  r  1 1. 
qr 

(2lw^«w  and  Whan  these  conditiorw  ara  satisfied,  the 
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TABLE  1  -  VIBRO-ACOUSTIC  RESPONSE  AND  NOtSE  REDUCTION  OF  A  FINITE  CLOSED  MNEL-CAVITV  SYSTEM 
SUBJECT  TO  VARIOUS  TYPES  OF  PANEL  EXCITATION 
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RELEVANT  RESULTS 


1-  CwfRy  Acouwte  RriMui» 

V,IE^,(0)c«rtlrl 
R,(«.y.i,«-  >  k.k:e,_J'  ,..  ,  _ 

,4^,  ''''f»ii«»"*'»T*V 


««*I  !(•  -  «l  a(t|| 

ll  eorfi  (mW 


X 


■(?.) 


,(w. 


K*aS  tor  |||•0,  K>1torni>0; 
K^O.Btorn-0,  K'^1torii>0. 

2.  Rr—if«M  Ctrttv  SurtoM 

R,(0.»At)  ■  (if  rj  to.  (2 


*■  f"**  "«**»*«"  te>StoiBlySup>orwSW«toX;«»itvS»i 
It  SuBtoctoS  to  HirnKmloK  U^yinj  iound 


<^>: 

<p;>; 


*•  M—i  SqM»«  VtoocHv  Ri— »rt  R«tlo 

<V*>! 


1 


K.K' 

(^1  * 

-S^la  I*’ 

’}  ^,fl».a.ltyj,p5»j 

^  _ : 

<pf>;  jfe,  W 

>-1 


REMARKS  OR  MISCELLANEOUS 


5'.'!*!'“'*'  •*"  Thh  litiwtion  it  cMtod  critical  coincl- 

ag^ntoBwfraauancYtl  wt.iciiitoctur.il  called  the  critical  cotixai^ - 

3.  ■n»«^IRto«J"to«litoim«ou|illiifcai.b#ipproi.l.i.atadl»»tiliiii|m»q.»»,. 

•t  crflicil  ooWkMmm*.  Moraowgr  for  •  tfmply  lupportod  ponal, 

1^.  «q(  atcritiealeoincidanca.iothattliaerltleil 
coincldanealttMiancy  todanoMdbyu,-^.  Thaamtool  tocMaocaaftoctctlia 
toapUtodt  of  tot  ttan«niltad  waM  but  doaa  not  altoct  ttia  ooincidanca  fnqumey 

..J-*.?, »>*»«>  tf»«n  critical  eotoddanea  traquancy.  Thaaa 

SnM.cotflcMHWOoccurtwhMfl)  itnMiilmufn7TZru^^^uin3~  “ 

1'*—  *•  R>“‘»'  ““  o'  ooincidanea  whara  tha  wava 

“oawhwtliaMacInian^.  l-a..  t-o.wahaaaeriticilniinrijt^w^  A. 

I!Ito  »todda«.«  dimlniaha.  aceordi..,  to  ^  .  that  ic. 

2  O”* «  o'  too  rtfatonca  paiiilr)  that  abova 
ytlMco.yldaBea.l.a..  tha  hi^  (raquaiMiV  roiponia,  undar  condithm  of  .iiiir 

'•‘onancai  >u,oortaipondin|  to 

!y-~>  *"  "oo  'OtofWKo  oration,  tha  lound 

prtMurawINhahi^aaulcralaad.  Thu  maani  that  tha  tranimiition  Iom  <  p,  ^ 

<P,>{ 

Conwraaly  to  ftaqu^Kiaa  halow  crithto 

ooiiieldaBoatoainaalimiii.coopllii| condition  It  loianiad  by  u_<i., _ <ul. 

Tha  panel  raconanaa  u.^<  u  and  »  e,  <  e,.  Tharatora  u.  a  Ibria 

’*^11!' Tf?"  '^"•onanoaa  undar  tho  moMlmun.  oooplim 

eanoMon.  Tha  laniltt  |laan  diow  that  tho  tatponaa  of  tha  room  will  ha  Incraaa- 

wily  poor  at  dw  mainltiida  of  A  u)*  Inmaiai.  Naar  and  afto  away  horn 

crKIrtcoIncldanca.  pmal-room  moda  aombmatlont  which  do  not  nacaaaarily 
“*“7  **  “"*•10"  of  oiaxlmtini  coupUni  (h_  'h-l  oMto  alip  proaUa 
■ffniflcint  comributtom  to  tho  room  proMuro  roiponio. 

t.  TnattclaadyaliM  harmonic  vlution  only. 

*■  ttIlL’toZ!r1r  ”  *,""**•  *«"«*'•»  «y*0"  *»  loramad  by 

throa  factort:  ,  Z^(0)  eaalty.  Z^  panel.  ^ 

3.  Fwolwtitolar  moda  iwnbinatioo.  If  panel  damptniaacaadaffuiddampini  and 

^®***l*y»'*f?)  •  »0"<^>|><lf>|><Ef>Jwhiehraptw 

Him  a  naptim  tianambalon  hMn 

*'  '*""■?*  “•y**  IWlwton  of  tound  n  indapandant  of  cavity 

httoodanaa,  Ia.,  Z^  panel  ■  O.and  bwhoHy  dependant  on  . 

6.  AlootRytoaonanca.  ui-w^,  the  atandlni  wave  ralationchip, 

*(?)’■(?.’'  '•‘'••.2  --.fiatbliadandZ„„(0)ca.ity— . 

The  ttanambdon  of  aeund  b  Indapandant  of  panel  hnpadanca  and  b  controlled  by 

ST 

*■  **■"  ^.rn'O*  "“ity  -  0  «l»0  owact  of  the  cavity  on 

djoybratlon  b mial  and  tha  tranambcloo  toaa  h  hi#i  for  tha  cavity  moda  con. 


ooo.irawhan(1)Z^pina|.0(l.o..u|^.w),  (2»  Z„,(OI cavity (31  B„,  taa 
manlmiim|i.a.,m>it1,n>ri1|.  At  tola  oondltlon  <  R/ >*  n.  <P,*>5  andV.>a 
Many  colneldant  fraqiianclaa  anlat.  tha  fundamental  baini  tivan  by  f.w  ^ . 

*■  'y*!.'*  'T***  *"”**»  •"*  ooitotonanlal  raaulla  and 

ivovicttoni  of  eBMr  imti—im  ■ 
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TABLE  2  -  IDENTIFICATION  OF  KEY  RESULTS  AND  COMPARISON 
WITH  DAVIES  RESULTS 

Nota:  For  tho  variout  mod*  clMificatioiM,  tpoclal  cam  for  j^*'**'  and  wbaaquant  to  tha  aquatlona 

cttad.  In  ganaral,  a  apacial  caaa  la  comparad  toith  tfia  corraptonding  Dariaa  raault. 


A.  Half-Space  Coupling  Coefficients  J"’"**'  =  J +  iJ J"”' 


Mode  Classification 

Corre¬ 

sponding 

Figure 

jmnqr 

jmnqr 

Agreement  with 

Davies  Result 
(See  Appendix  F) 

1.  TWO  Y-EDGE  MODES 

(a)  k„,k,>k;k„=k,<k 

(b)  k„#k,>k;  k„#k,<k 

(c)  k„  =  kq>k;k„  =  k,<k 

Id)  k„.k,>k;k„,k,<k 

H 

Equation  (69b) 
Equation  (69d) 
Equation  |70c) 
Equation  (71) 

Equation  (69c) 
Equation  (69d) 
Equation  (70d) 
Equation  (72) 

Go 

od 

II.  TWO  CORNER  MODES 

(a)  k„,k,>k;k„,k,>k 

(b)  k„,kq>k;k„=k,>k 

12d 

Equation  (73b) 

Equation  (74) 

Go 

od 

III.  Y-EDGE  ACOUSTICALLY 
FAST  (AF)  MODES 
(a)  k„,k„k,<k;kq>k 

12e 

Equation  (80) 

Equation  (81) 

Good  for  JlJ"**'. 

Poor  for  when 

ka»1  and  consider¬ 
ing  one  mnqr  mode, 
but  good  when  con¬ 
sidering  several  modes; 
see  section  3  of 

Appendix  F. 

IV.  Y-EDGE-CORNER  MODES 
(a)  k„.k,>k;k„<k;k,>k 

12f 

Equation  (82) 

Equation  (83) 

Good  for 

Poor  for  but 

good  if  Davies  report 
has  typographical 
error  and  k‘  »k2  ; 
see  section  4  of 

Appendix  F. 

V.  TWO  ACOUSTICALLY  FAST 
(AF)  MODES 
(a)  k„,k„,  kq,  k,<  k  and 
km;  k,>k„ 

129.h 

(special 

cases) 

Equation  (86g) 

Equation  190) 

Good 

VI.  TWO  EDGE  MODES 
(a)  I<„,k^k^,k,<k;k^„,k2,>k2 

12i.j 

(special 

cases) 

12j 

Equation  (91d) 

Equation  (94) 

Good  for 

Devies  does  not  give 
comparable  term  for 
hence  no  com¬ 
parison  can  be  mede. 

B.  Cavity  Coefficient:  i for  Almost  Hard  and  Hard  Walls 

Equation  (106) 

C.  Final  Analytical  Results  (Working  Equations)  Programmed  for  Digital  Computer 

1.  Equation  (118)  —  Cross  Spectral  Density  of  Plate  Displacement. 

2.  Equation  (119)  —  Cross  Spectral  Density  of  Pressure  in  the  Cavity. 

3.  Equation  (121)  —  Spectral  Density  of  Power  Radiated  into  Half-Space. 

4.  Equation  (123)  —  Cross  Spectral  Density  of  Pressure  in  the  Half-Space. 


1.  Response  of  a  plate  to  harmonic  excitation. 

2.  Response  of  a  plate  to  random  excitation. 

3.  Cross-spectral  density  of  the  acoustic  pressure  in  a  cavity  shaped  like  a 
rectangular  parallelepiped;  one  of  its  surfaces  is  bounded  by  the  plate  and  the  other  five 
are  treated  as  hard  or  almost  hard  walls. 

4.  Spectral  density  of  the  (complex)  power  generated  by  the  plate-cavity 
system  in  the  semi-infinite  half-space  representing  the  region  above  the  plate  and  away  from 
the  cavity. 

5.  Cross-spectral  density  of  the  acoustic  pressure  radiated  by  the  plate-cavity 
system  into  half-space. 

6.  Spectral  density  of  the  (complex)  power  radiated  by  the  plate  cavity  system 
into  the  cavity. 

Note  that  all  solutions  are  in  terms  of  an  excitation  function  and  other  quantities  not  yet  ex¬ 
plicitly  represented  or  determinable.  We  observe  also  that  the  solutions  for  the  plate  response 
is  the  solution  to  the  fundamental  modal  equation  developed  in  this  appendix. 


Appendix  B  -  Treats  the  explicit  solution  for  the  spectral  quantities  mentioned  above  which 
requires  (among  other  things)  evaluation  of  the  half-space  and  cavity  coupling  coefficients;  a 
more  precise  description  of  this  requirement  is  given  in  the  statement  preceding  and  subse¬ 
quent  to  Equations  (44)  and  (45).  This  appendix  presents  an  evaluation  ( 1 )  of  the  joint  and 

cross-coupling  coefficients  for  the  half-space,  and  ,  respectively  and  (2)  of  the 

joint  and  cross-coupling  coefficients  for  the  cavity,  I'""'”"  and  respectively.  For  the 

half-space,  the  right-hand  side  of  the  equation  =  j"'""’"  +  j  represents  the  auto- 

reactive  and  resistive  coupling  components  of  respectively  whereas  the  right-hand  side 

of  J  ^  +  i  represents  the  cross-reactive  and  resistive  coupling  components  of 

J"’"'*',  respectively.  For  a  simply  supported  plate  and  M=0,  Equations  (53)  and  (54)  give  the 
integral  formulation  to  be  solved  to  determine  these  quantities.  The  integral,  which  is  of  tue 


form  utilized  by  D.avies,9-  >0  was  evaluated  for  all  possible  intermodal  combinations  by 
contour  integration  using  the  Cauchy  residue  theorem;  the  results  are  identified  in  Table  2. 
For  the  cavity  involving  a  simply  supported  plate,  almost  hard  walls  and  hard  walls,  and 

M=0,  the  results  for  (which  include  qr=mn)  are  given  by  Equation  (106)  and  are  also 
cited  in  Table  2. 


Appendix  C  Presents  a  derivation  of  the  cross-spectral  density  and  wavenumber  frequency 
spectrum  of  the  turbulence  (blocked)  pressure  by  means  of  a  Fourier  transform  of  the  cross- 
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correlation  function  for  the  turbulence  pressure  devised  by  Maestrello  from  semiempirical 
112* 

data.  ’  Joint  and  cross  acceptances  are  then  defined  in  terms  of  integral  formulations 
of  these  spectral  quantities  and  the  plate  modes.  The  acceptances  are  then  evaluated  for  the 
low  wavenumber  region,  considerably  removed  from  the  convection  region,  and  it  is  shown 
that  the  cross  acceptances  are  negligible.  Hence  only  the  joint  acceptances  need  be  considered 
in  the  computations  of  the  vibroacoustic  response. 

Appendix  D  —  Prese’its  a  derivation  (the  contributions  of  cross  acceptances  are  ignored)  of  Items 
2  through  6  listed  above  under  Appendix  A,  where  now  the  solutions  for  the  spectral  quantities 
are  given  in  terms  of  quantities  used  in  defining  (or  representing)  the  explicit  turbulence  ex¬ 
citation  function  cited  in  the  preceding  discussion  and  where  all  quantities  are  now  known  or 
determinable  from  preceding  analyses.  The  working  expression  for  the  cross-spectral  density  of 
the  pressure  in  the  half-space  (Item  5  of  Appendix  A)  is  derived  for  the  far  field  only.  However, 
a  general  expression  for  the  cross-spectral  density  of  near-  and  far-field  pressures  in  the  half-space 
is  also  presented.  For  the  near-field  resu'ts,  this  expression  requires  additional  extensive  evalua¬ 
tion  which  is  beyond  the  scope  of  the  present  report. 

Appendix  t  —  Discusses  the  extension  of  the  foregoing  theory  (1)  to  clamped-clamped  plates 
for  M=0  and  (2)  to  both  simply  supported  and  clamped-clamped  plates  for  M>0. 

Appendix  F  -  Shows  that  the  intermodal  coupling  coefficients  derived  here  are  more  complete, 
general,  and  exact  than  those  derived  by  Davies  and  that  in  nearly  all  cases,  they  can  be  reduced 
to  his  first-order  results  as  a  special  case;  see  commentary  in  Table  2. 

Appendix  G  -  Discusses  and  presents  the  computer  program  which  mechanizes  four  equations 
(given  at  the  end  of  Table  2)  corresponding  to  Items  2  through  5  in  Appendix  A.  A  derivation 
of  the  fluid-loaded  mode  resonances  is  also  presented  and  includes  th?  effects  of  the  fluid  in 
the  half-space  and  in  the  cavity. 

COMPUTATIONAL  RESULTS 

The  limited  computer  results  presented  here  were  obtained  by  Bolt  Beraiiek  and 
Newman,  Inc.  The  results  indicated  proper  functioning  of  the  computer  program  for  the 
data  used.  However,  a  comprehensive  evaluation  of  plate-cavity  system  performance  awaits 
more  extensive  nrmerical  calculations  using  the  program. 

Figures  2  through  5  are  plots  of  typical  sample  computer  results  for  the  vibroacoustic 
response,  i.e.,  spectral  quantities,  for  turbulence-excited  plate-cavity  systems.  The  turbulent 

*ln  contrast  to  the  Maestrello  evaluation  for  the  cross  spectrum,  the  present  results  include  the  effects  of 
convection  in  both  the  x-  and  y-directions.  Thus,  Equation  (1 1 2b)  is  a  function  of  as  well  as  of  and  co. 
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•mMI.  IwCmvwC.O 


Figure  2  -  Magnitudes  of  Cross-SpectnJ  Density  of  Plate  Displacement 
betweeif  Points  x, .  y,  and  Xj.  y^  and  Power  Spectral  Density  of 
Plate  Displacement  at  Points  x,=  x^,  y,=y2.  versus  Frequency 


Sp({l  (LB/IN*)*/  (RAD/SEC) 


FREQUENCY  (Hz) 


Figure  3  -  Magnitudes  of  Cross-Spectral  Density  and  Power  Spectral  Density 
of  Cavity  Acoustic  Pressure  versus  Frequency 
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SOUND  PRESSURE  LEVEL  IN  CAVITY  (dB  RE  1  /iPf  AT  3  IN  BELOW  THE  PLATE 
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Figure  4  —  Magnitude  of  Complex-Spectral  Density  of  Radiated  Power  versus  Frequency 
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Figure  5  —  Magnitudes  of  Cross-Spectral  Density  of  Far-Field  Acoustic  Pressure  between 
Points  X| .  Xj ,  Zjand  *2’  ^2’  ^2  Power  Spectral  Density  of  Far-Field  Acoustic 
Pressure  at  Xj  =X2 ,  y,  '  ''®*^**s  Frequency 
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SOUND  PRESSURE  LEVEL  OF  FAR  FIELD  (dB  RE1>iP.^AT  96  IN  ABOVE  THE  PLATE) 


boundary  layer  input  data  used  can  be  obtained  from  either  Appendix  B  of  Reference  1  or 
from  Reference  1 2,  and  other  pertinent  input  data  are  specified  on  the  figures.  The  two 
plate-cavity  systems  shown  in  Figures  2,  4  and  5  differ  only  in  the  width  b;  see  Figure  1. 
Only  narrow-band  results  are  treated. 

In  Figure  2,  the  magnitudes  of  the  cross-spectral  density  and  the  power  spectral 
density  of  the  plate  displacement  are  represented  by  Curves  B,  D  and  A,  C,  respectively.  The 
single  curve  shown  in  Figure  3  approximately  represents  the  magnitudes  of  both  tlie  cross- 
spectral  density  and  the  power  spectral  density  acoustic  pressures  for  almost  hard  walls. 

In  Figure  4,  the  magnitudes  of  the  complex  spectral  density  of  power  radiated  into  the 
distant  field  of  the  half-space  above  the  plate  are  represented  by  Curves  E  and  F.  In  Figure 
5,  the  magnitudes  of  the  cross-spectral  density  and  the  power  spectral  density  of  acoustic 
pressure  in  the  distant  far  field  of  the  half-space  above  the  plate  are  represented  by  Curves  H 
and  G,  respectively. 

As  shown  in  Appendix  G,  the  foregoing  spectral  quantities  are  generally  complex 
nu mbers  consisting  of  a  real  or  “coincident-spectral”  term  and  an  imaginary  or  “quadrature- 
spectral”  term.  Each  spectral  quantity  may  also  be  expressed  in  complex  polar  notation  in 
terms  of  its  magnitude  and  phase  angle.  Comparison  of  the  “co”  and  “quad”  data  for  the 
aforementioned  spectral  quantities  for  pressures  and  displacements  shows  that  the  numerical 
values  for  the  former  are  considerably  greater  than  those  for  the  latter;*  hence,  the  plotted 
curves  (Figures  2,  3,  and  5)  for  the  magnitudes  of  the  spe  ^tral  quantities  are  virtually  equal 
in  magnitude  to  the  “co”  terms.  The  sample  results  presented  were  obtained  with  the  pro¬ 
gram  and  are  preliminary.  Other  additional  (but  limited)  data  output  were  obtained.  Part  D 
of  Appendix  G  gives  the  program  output  which  relates  to  the  results  presented  here. 

EVALUATION 

1.  Theoretical  Results 

The  results  of  the  present  analytical  study  culminating  in  the  development  of  a 
computer  program  represent: 

1.  More  complete,  general,  and  exact  solutions  for  the  half-space  intermodal  co¬ 
efficients  of  a  water-loaded  rectangular  plate  in  a  baffle  than  those  obtained  by  Davies. 

2.  An  extension  of  the  work  of  earlier  investigators  on  plate-cavity  systems 
subject  to  turbulence  and  other  excitation  (see  Table  1  and  the  Bibliography)  to  include  the 
effects  of  any  combination  of  dense  and  light  fluids  internal  and  external  to  the  system  on 
the  vibration  and  radiation  response.  In  general,  it  has  been  shown  how  present  analysis 


*The  converse  is  true  for  the  radiated  and  reactive  power. 
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for  simply  supported  plates  and  M=0  can  be  extended  to  plates  with  clamped-clamped  (and 
other  end)  supports  and  M>0;  for  example,  applicability  to  clamped-clamped  plates  and  M=0 
is  quite  easily  made  in  accordance  with  the  procedure  given  in  Appendix  E. 

3.  A  computer  tool  for  calculating  the  vibroacoustic  spectral  quantities  of  a  water- 
loaded  plate-cavity  system.  Of  particular  interest  is  the  potential  use  of  the  program  to  perform 
studies  of  effects  due  to  the  variation  of  parameters.  Such  studies  are  useful  to  the  designer 
for  achieving  good  judgment  values  relative  to  (a)  the  sensitivity  of  the  vibroacoustic  response 
associated  with  design  changes,  i.e.,  changes  in  the  geometry  and  physical  parameters  of  the 
system  and  (b)  optimum  system  design  for  meeting'vibroacoustic  requirements. 

2.  Computational  Results 

A  comparison  of  the  magnitude  of  the  plate  displacement  cross-spectral  density 
(Curves  B  and  D  of  Figure  2)  indicates  that  all  other  dimensions  being  the  same,  the  peak  for 


is  greater  than  the  peak  for 


|S^(x|x';w)| 


b=15  in 


IS^(m';u;)| 


b=12  in 


5(=X2.y2 


The  trends  for  the  curves  on  the  right  of  the  peaks  indicate  the  decay  with  increasing  frequency  of 
as  computed  for  a  selected  number  of  resonant  modes.  A  comparison  of  the  magnitudes  of  the 

plate  displacement  power  spectral  density  (Curves  A  and  C  of  Figure  2)  indicates  that  similar 
results  prevail  for  x  =  x'  (or,  equivalently,  x,  =  x^ ,  y^  =  y^ ). 

However,  the  significance  of  the  curves  may  be  more  apparent  that  real  in  view  of  the 
following.  The  program  searches  for  those  modes  whose  fluid-loaded  resonances  lie  close  to 
the  excitation  frequency,  e.g.,  1000  Hz.  More  precisely,  we  select  those  modes  whose  bandwidths, 
corresponding  to  the  half-power  points,  encompass  the  excitation  frequency.  Therefore  since 
a  severely  limited  number  (4)  of  excitation  frequencies  was  considered,  i.e.,  1000,  5000,  8000,  and 
16,000  Hz,  the  curves  in  Figure  2  may  not  represent  the  essentially  true  magnitudes,  locations, 
and  sharpnesses  of  the  peaks  as  well  as  the  true  general  characteristics  (i.e.,  response  amplitude 
versus  frequency)  for  S^.  Another  effect  may  also  lead  to  false  conclusions.  A  resonance  mode 

for  the  square  plate  could  have  a  node  near  the  position  selected  for  the  computation  of  the 
response.  This  could  contribute  to  a  relatively  small  response  at  that  position.  It  is  clear  therefore 
that  we  must  be  careful  not  to  make  general  inferences  based  on  the  specific  results  displayed  by 
Figure  2.  Additional  frequency  and  spatial  data  are  necessary  for  proper  evaluation  of  the 
response.  Analogously,  this  statement  obtains  for  Figures  3  to  5. 
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The  limited  data  in  Figure  3  indicate  that  the  magnitudes  of  the  cross-spectral 
density  and  power  spectral  density  of  cavity  acoustic  pressure  are  nearly  equal  for  the  spatial 
coordinates  of  the  observation  points  (x, ,  y, ,  z, ;  ,  y^ ,  )  given  on  the  figure. 

In  Figure  4,  the  magnitudes  of  the  complex  spectral  density  of  radiated  power, 

Curves  E  and  F,  decrease  rapidly  with  frequency;  Curve  F  decreases  more  rapidly  at  first  but 
approaches  Curve  E  at  higher  t  requencies.  Jhus,  at  frequencies  below  5000  Hz,  tlie  power 
radiated  by  the  plate-cavity  system  of  width  b=15  in.  may  be  greater  than  an  order  of  magni¬ 
tude  than  that  for  the  system  of  width  b=12  inches.  Above  8000  Hz,  however,  the  power 
radiated  by  both  plate-cavity  systems  is  nearly  the  same;  note  that  the  geometries  for  the  plate- 
cavity  systems  used  here  and  in  Figure  2  correspond  and  that  otlier  parameters  are  the  same. 

Figure  5  indicates  the  magnitudes  of  the  cross-spectral  density  and  power  spectral 
density  of  the  far-field  pressure,  Curves  G  and  H. 

In  sum,  the  limited  numerical  data  obtained  by  use  of  the  computer  program  do  not 
permit  a  comprehensive  evaluation  of  the  plate-cavity  system  at  the  present  time.  Hence,  al¬ 
though  the  foregoing  curves  are  indicative  of  the  types  of  data  that  can  be  obtained  from  the 
computer,  they  are  not  analyzed  for  general  character,  iinptort,  and  practical  significance. 

CONCLUSIONS 

1.  For  turbulence-excited  plate-cavity  systems,  the  analysis  and  computer  program 
presented  here  permit  the  computation  of  the  cross-spectral  density  and/or  power  spectral  density 
of  (a)  the  plate  displacement,  (b)  the  cavity  acoustic  pressure,  and  (c)  the  acoustic  pressure  in 
the  distant  far  field  of  the  half-space.  The  program  also  permits  computation  of  the  spectral 
density  of  power  radiated  in  the  half-space  above  the  plate.  Additional  spectral  quantities  for 
the  complex  acoustic  power  in  the  cavity  and  for  the  near-field  acoustic  pressure  above  the  plate 
can  be  computed  by  programming  the  completed  (i.e.,  existing)  analytical  results  for  the 
former  and  analytically  evaluating  the  general  formulation  devised  here  for  the  latter  as  well  as 
developing  a  corresponding  computer  program. 

2.  The  half-space  intermodal  coefficients  for  a  water-loaded  rectangular  plate 
in  a  baffle  evaluated  here  by  contour  integration  are  more  complete,  general,  and  exact  than 
the  first-order  approximate  evaluations  by  Davies. 

3.  With  further  development,  the  analysis  and  computer  program  are  directly 
useful  in  the  design  of  a  water-loaded  trough. 

In  summary,  the  present  study  has  achieved  its  chief  objectives  involving  the  investiga¬ 
tion  of  the  basic  physical  mechanisms  associated  with  (1)  plate-acoustic  field  interaction  for  a 
fluid-loaded  plate  cavity  system  and  (2)  the  contribution  of  turbulence  excitation  to  the  flow- 
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induced  noise  internal  and  external  to  a  fluid-loaded  plate-cavity  system.  A  comprehensive 
evaluation  of  system  performance  awaits  more  extensive  numerical  calculations  from  the 
computer  program. 

RECOMMENDATIONS 

Based  on  the  results  of  the  present  study  it  is  recommended  that: 

1 .  The  computer  program  be  used  to  obtain  an  adequate  amount  of  numerical 
data  for  the  response  and  radiation  of  a  plate-cavity  system  excited  by  boundary  layer 
turbulence.  The  data  should  be  displayed  as  curves  and  tables  in  a  form  suitable  for  significant 
physical  interpretation.  For  example,  displays  indicating  the  number  and  types  of  significantly 
radiating  modes,  the  role  and  significance  of  intermodal  coupling  and  damping,  optimum  plate- 
cavity  system  design,  and  sensitivity  of  vibroacoustic  response  to  changes  in  geometry  and 
physical  parameters  would  be  of  interest. 

2.  The  spectral  density  of  the  complex  acoustic  power  in  the  cavity  should  be 
programmed  and  numerical  results  obtained  from  the  program  for  display  and  interpretation. 

3.  The  cross-spectral  density  of  the  pressure  in  the  near  field  should  be  obtained 
by  evaluating  Equation  ( 1 22).  To  obtain  the  near-field  result,  integrals  involving  the  product 
of  the  half-space  Green  function  with  the  characteristic  modes  of  the  plate  have  to  be 
evaluated  for  various  types  of  modes.  These  integrals  reduce  to  the  forms  given  by  Equation 
(125)  which  should  be  solvable  by  contour  integration  techniques  for  all  of  the  various  types 
of  modes  which  will  exist.  Thus,  Equation  (125)  requires  evaluation  for  x-  and  y-type  edge 
modes,  comer  modes,  and  acoustically  fast  (AF)  modes  as  well  as  all  possible  combinations 
of  these  modes.  The  analytical  results  should  be  programmed  and  computer  runs  made  to 
obtain  and  display  numerical  results  that  will  yield  significant  interpretations  for  the  funda¬ 
mental  mechanisms  involved  and  for  design  purposes. 
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APPENDIX  A 


DERIVATION  OF  BASIC  EQUATIONS 

The  six  sections  of  this  appendix  present  integral  equations  for: 

A1.  The  response  of  a  plate*  to  harmonic  excitation. 

A2.  The  response  of  a  plate*  to  random  excitation. 

A3.  The  cross-spectral  density  of  the  acoustic  pressure  in  a  cavity  shaped  like  a  rectangular 
parallelepiped;  one  surface  of  the  cavity  is  bounded  by  the  plate  and  the  other  five  are  treated 
as  hard  or  nearly  hard  walls. 

A4.  The  spectral  density  of  the  (complex)  power  generated  by  the  plate-cavity  system 
in  the  half-space  representing  the  region  above  the  plate  and  away  from  the  cavity. 

A5.  The  spectral  density  of  the  (complex)  power  radiated  by  the  plate-cavity  system 
system  into  half-space. 

A6.  The  spectral  density  of  the  (complex)  power  radiated  by  the  plate-cavity  system 
into  the  cavity.  Under  consideration  is  a  thin,  flat,  flexible,  isotropic,  rectangular,  finite  plate 
with  either  simply  supported  or  clamped-clamped  structural  boundaries  contiguous  with  a 
rigid  infinite  baffle.  The  fluids  at  the  boundaries  of  both  sides  of  the  plate,  external  ai'  J 
internal  to  the  plate-cavity  system,  may  consist  of  any  combination  of  heavy  and  light  fluid 
media. 

AI.  PLATE  RESPONSE  TO  HARMONIC  EXCITATION 

Figure  6  illustrates  the  kinematic  relationship  between  the  coordinates  of  a  fixed 
(S)  and  moving  (S')  frame  of  reference;  S'  moves  the  fluid  medium  with  a  steady  velocity  V 
with  respect  to  S.  The  transformation  of  the  coordinates  for  a  plane  wave  traveling  in  a 
direction  specified  by  the  vector  wavenumber  k  is  given  by  (see  Chapter  1 1  of  Morse  and  Ingard^'*) 

7  =  r'  +  Vt.  t  =  f' 

where  the  unprimed  quantities  are  measured  by  an  observer  at  rest  in  the  “laboratory 
coordinates”  and  the  primed  quantities  are  measured  by  an  observer  moving  with  the  system. 

The  equations  governing  the  acoustic  field  in  the  coordinate  system  S'  which  is 
comoving  with  (or  stationary  with  respect  to)  the  fluid  are 

Continuity  equation 

1 

3u.  dpj 

Momentum  equation  p  -r-r  =  -  ^ 

ot  dx. 

I 

•The  flexible  plate  is  one  surface  of  a  plate-cavity  system  described  below. 
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Not*:  (r  and  V  rapraiant  tha  coordinatn  in  S  and  S'  raspactively 
for  a  plana  wMa  travailing  along  k ) 


Figure  6  -  Kinematic  Relationship  between  Coordinates  of  a  Fixed  (S)  and  Moving  (S') 

Frame  of  Reference 
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Equation  of  state  p^  =  c*  6 

where  p^  =  the  pressure  change  caused  by  sound  (the  acoustic  pressure) 
p  =  the  equilibrium  density  of  the  fluid  and 
6  =  the  small  increase  in  density  produced  by  sound. 

The  subscript  i  refers  to  x,  y,  and  z,  respectively.  Thus,  if  V.  represents  the  components 

of  the  fluid  steady  velocity,  the  transformation  of  coordinates  from  the  comoving  system  S'  to 
the  laboratory  system  S  is  given  by 

X.  =  x'.  +  V.t',  t  =  t',  V  =  const 
111 

For  any  function  of  space  and  time,  /  (x,  t) 

3/  3/  3x.  3/  3t  3/ 

3x:  3x.  3x:  3t  3x!  dx. 

Ill  II 

3x.  3t 

since  =l,,-,  =  0.  Hence  = 

I  1  i 


However,  inaccordance  with  the  form  of  the  continuity  equation 

3/  3/  3t  3/  3x.  3/  3/ 

a  ♦'  ~  r*  r*'  ^  ^  rJ  ~  ^  r 

3t  3t  3t  i  3x.  3t  3t  I  I  3x. 

1  '  1 

or 


2 

i 


V 


31  ,  r, 

at' =  '•91' 


We  observe  that  whereas  the  space  derivatives  are  invariant  under  transformation,  the  time 
derivative  is  not.  Thus,  in  the  stationary  frame  S,  the  continuity  and  momentum  equations  are 
written  as  follows  in  terms  of  laboratory  coordinates;  in  addition  we  repeat  the  equation  of  state 

/3  _  \  du. 

Continuity  equation  +  V  •  6  +  p  2  g- ’  =  0 


Momentum  equation 


Equation  of  state 
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Combining  the  equations  of  state  and  continuity,  we  have 
1  /  a  _  V  3u, 


d  “ 

Multiplying  both  sides  of  this  equation  by  the  operator  ^  ^  'V,  interchanging  the  summation 
and  operator,  and  then  using  the  momentum  equation,  we  derive  the  convected  wave  equation 

,4  *  V .  v)‘  p,  =  -  .  ?  *  V  .  V)  U,  =  ?  =  V‘  P, 

0  »  > 

Several  forms  for  the  wave  equation,  in  laboratory  coordinates  for  a  fluid  with  steady  velocity 
V,  are 


'(aVv-v)' 


P,  =V^P, 


(la) 


(lb) 


‘/a’p  a 

C'  Vat’  ^  i  iat  ax 


(Ic) 


For  assumed  harmonic  time  dependence  of  the  form  e 

-ia;t  '■>’p,(x  ,  t) 

P,(Xj,t)=Pj(x.)e  - =-iu;p,(x.,t),  gp 

Thus  -  i  w  and 
01 


=  -  cj’Pj  (x.,  t) 


Equation  (la)  becomes 


—  (-  iw  +  V  •  V)*  Pj  =  P, 


Expanding  this  equation,  we  have 


V’p.+?  II+Sv-v-i^)Mp.-o 


or 


V'P,  +3  (I  +7T  V  •V)’P,  =0 

o 
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For  a  fluid  velocity  parallel  to  the  x-axis,  V=v4^and  V*V=V  In  this  case  Equation  (I) 

ox 

becomes 


V*P, 


a’* 


P,  =0 


or 


or 


or 


V'P, 


(k*iMA)”p,=0; 


V’p,  +L^  p,  =0 


wheie  L  is  an  operator  defined  by 


L=k  +  iM 


Jl 

3x 


(2) 


(3) 


Tlie  acoustic  velocity  u(x,  y,  z,  t)  is  defined  in  S'  in  terms  of  the  (acoustic)  velocity 
potential  (x,  y,  z,  t)  by 


u  =V'/' 


The  corresponding  acoustic  pressure  is 


=  ^(af  ^  Jr)*^  ^  ‘'^97) 


(4) 


=  -ipc 

o 


Inserting  Equation  (4)  into  Equation  (2)  yields 


V’  ^  ^  =  V*  ^  +  i  M  ^  =  0 


or 


d^<l/ 

dF 


+k^  il/  +  likMp-  -M* 
ox 


3x= 


=  0 
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Thus  ^  satisfies  the  following  equation  in  cartesian  (x,y,z)  space 

r  A- Ttvu 

dx 

Now  ^  (x,y,z)  may  be  expressed  in  terms  of  its  Fourier  transform*  ♦  ,z) 


oo  oo 


^  (x,y,z)  =  J  J  xk  (k^,ky,z)  e'  ^  dky 


(5) 


(5a) 


—  OO  —or 


Hence,  taking  the  Fourier  transform  of  e.ach  of  the  terms  in  Equation  (5)  with 

^  (x,y,z)s  ^  (x,z)  -  >k  (k^,ky,z) 


we  get 


N  =  (x,y} 

2 

{M*-l)kj[  'k-k*  'k  +  2i  kM  (ik^)'k  +  k*  'k  =  0 


Thus  ♦  satisfies  the  following  equation  in  wavenumber  (k„,k„)  and  z-space 

dz* 


where 


(6) 


=k* +(M*-l)k* -2kMkx-k»  (7) 

We  observe  that  for  M=0,  -►  k'*  -  k*  -  k*  =  k*.  Hence,  for  any  value  of  M,  t  replaces  and 

comprehends  as  a  special  case  (for  M=0)  the  wavenumber  k^.  If  we  choose  the  positive  value 
of  f  to  represent  outgoing  waves  with  e"'‘^^  dependence,  then  we  write  the  solution  to 
Equation  (6)  as** 


'k  (k^,ky,z)  =  n  (kjj,ky) e'f*  (8) 

The  boundary  coiiduions  at  the  fluid-plate  interface  require  the  equalitv  c-f  particle  and  normal 
plate  velocity.  Therefore, 

u  I  z=o  I  z=0 


*The  general  form  for  the  Fourier  transform  and  its  inverse  used  here  is 

OO  OO 

(i-’  \  j 

^oo  .oo 

where  (x)  =  {x,y),  dx  =  dxdy,{ic}  =  {kjj,ky},  dk  =  dk^dk^ 

♦♦In  Equation  (8),  e'f*  represents  the  phase  and  decay  in  the  half-space.  Here  for  z  >  0,  we  choose  the 
positive  value  of  and  conversely.  However,  for  the  present,  we  do  not  specify  a  positive  coordinate  system 
(i.e.,  direction  of  +z)  for  the  plate;  this  is  defined  later  for  the  plate-cavity  system  following  Equation  (16). 


f(k,w)e‘<'‘  ’‘*‘^*>  dkdw;f  (k,co) 


■II 


f(x,t)  *  dx  dt 
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3  3*—  3  3 

and  in  S'  space,  since  r;f  =  i7  +  V-  V=  -^  +  Vr-,  the  vector  relation 
01  01  Ot  ox 

“k-t  '  I?  '  (m  A)  'Uo  =  (-I"  +  V  =  -ic.  (k  t  iM  i)  w|,.o 

=  -iCj  Lwj^^Q  on  plate 

=  0  off  plate 

and  the  corresponding  scalar  relation  is 

on  plate;  zero  otherwise 


dz 


Lw|,=o 

The  Fourier  transform  relationship  obtained  from  this  equation  is  then  equated  to  the 
derivative  obtained  from  Equation  (8).  Thus 


d'l' 


A 


ar_. '-w|,.o  =  it't'l,.o 


'2=0 


where  LW  =  ^(Lw).  Note  that  z  in  frame  S  is  equal  to  z'  in  frame  S'.  From  this  equation  and 
Equation  (8) 


'1' 


A 

.-Cn  LW| 

z=0 


z=0 


i2  (kjj,ky) 


Thus  Equation  (8)  becomes 


where  in  frame  S' 


'k  (kjj,ky,z)  =  -  ^ 


LW^,ky)  =  f  f  L'w(x',y')e 
•'o  •'o 


+  k  y') 

*.1  ^  ' 


dx'  dy' 


L'  =  k  +  i  M  r-; 

bx 


A 


we  perceive  that  LW  is  independent  of  z. 

Using  Equations  (9)  and  (10)  in  conjunction  with  Equation  (5a),  we  find 


(9) 

(10) 

(11) 


00  OO 

*(x,y.z)=^)  JJ 


i(kx  X  +  k  y) 

'k(k  ,  k  ,  z)  e  dk  dk 

X  y  X  y 


_oo  —00 
00  00 


•  00  —  00 

00  00 


i(k,  x  +  k  y) 

e'^  dk  dk 
-  X  y 


Ifv 

JoJo 


w(x',  y')» 


e-i(kx  x'  +  ky  y)  dx'  dy' 
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(12) 


ilk^(x-x')  +  ky(y-y')  +  fz) 


dk  dk 
X  y 


ab 

G°  (X,  zix',  o)  L'w(x',y')  dx'  dy' 
.  j  P 


where  the  Green  function  for  the  half-space  is 

00  00 

G°  (x,  zlx',  z')=  G°  (x,  y,  z|x',  y',  z')  =  JJ " 


i(k^(x-x')  +  ky  (y-y')  +  f(z-z')] 


-dk  dk  (13) 
X  y 


and  from  Equation  (7) 


f  =  Vk"  +(M’-  l)k  -  -  2k  Mk  -  k’ 

X  X  y 

o  yi 

We  now  evaluate  G  in  closed  form  for  M  =  —  <  1 .  To  facilitate  the  evaluation,  it  will  be  con- 

P  s 

venient  to  change  the  form  of  Equation  (13). 

Therefore  let 

|=v/T^k  +kM,  K  =  ,u= 

where  k^  and  ^  range  from  -«  to  ».  Then 


f  =  VK’(l-M’)-t-(M*-l)k*  -2xMV1-M* k^-k^ 


V-[k’M'  +2kMn/1-M’'  k^ +  (>/l-MM^k*]  +K*-k’ 


X  -(kM  +  VI-M"  k  )*  +K^-k^ 

X  y 


)  -  ky  =  iVky  -  )  =  iVky  +  ) 


where  the  positive  algebraic  sign  for  i  has  been  cliosen  since,  by  definition,  -^i  represents  the 
direction  of  outgoing  waves;  see  footnote  below  Equation  (8).  Also 


dk 


X 


v/l-M* 
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Equation  (13)  may  now  be  written  for  z'  =  0  as 


G°(x,z|x',0)=  J  j 


K/k» +({»-«») 


■dk  dk 
X  y 


oo  roo 


-le 


hkMu 


f  ijul  f  i  k,(y-y') .. 

J  '  J  Vk’ +«■-«■)  '  ‘"V 


d« 


The  integrand  of  the  inner  integral  has  square  root  type  branch  points  at 


=±\/i^.  Then 


_  \ 

for5<-»c  and{>x,k'*  =  +  q  J;  and 


IS 


for-K<{<K,k  =  '  n 

y  ~  —K  Ok 

Hence  the  integral  for  G°  consists  of  the  following  three  components: 
P 


G°=^ 


.  -ikMu 


p 


-K  K 

f  g,(S)e‘^“d{+  J 


g,(«)e‘^“d{  + 


oe 

f  g,(()e‘'"df 


where 


7  -zVkJ  +  (I*  -k’)  ik  (y-y')  jg,({)for{*  >K» 

J  ^/iri — (t2  sx  *  ~(gj({)for5"  <k’ 

Jo  VkJ  +(«*  -K*)  '  * 


To  evaluate  g^  (5)  and  g^  (J),  consider  the  following  identity  (page  710  in  Gradshteyn  and 
Ryzhik^^ ).  This  identity  and  its  Fourier  transform  will  be  used  to  obtain  the  closed  form  ex¬ 
pression  for  Gp  (M<  1);  see  Maestrello  and  Linden.^^ 


1,  =  fe-"*  n«<ft/F^)dt=?^ 


.  -iaVr*+x* 

■  A  ~ 


(14a) 


»+x* 


[r  and  x  real,  -n  <  arg  \/a*-t*  0,  -tt  <  arg  a  <  0] 
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Also,  from  the  Fourier  integral  theorem 


2i 


(iVa*  - 1* ) 


or 


no 


g-iaVr*  +  X* 
^  y/t^  + 


e***  dx  =  -  iff  H' 


(2) 


(iVa*  - 1* ) 


[r  real  or  pure  imaginary  and  x  real,  -jt  <  arg  Va*  -  t*  <  0,  -ff  <  arg  a  <  0) 
Case  1: 

In  equation  (14b)  we  set 

r  =  iVl*  ,  0-  =  -iz,  X  =  ky,  t  =  y  -  y' 


then 

g, (O  =  Ij  =  -iff  ^  (±v/?*  -  ff*  •  V-z^  - (y-y')*) 

=  -iff  (+i  RVt*  -K*) 

where 

R  =  Vz*  +(y-y')* 

For  convergence  of  g,  (€),  we  require  that  lim  ’  -  0.  Tlius,  we  select  only  the  solution 

^•»0O  O 

g,  (t)  with  the  negative  algebraic  sign  in  the  argument 


g,  (« )  =  -iff  ’  (-iRVP^)  =  -iff  ^  (-rVF^) 


We  observe  that,  as  required,  both  r  and  x  are  real.  We  require  also  that 

<  arg  V(-iz)*  -(y-y')*  =  arg  (±  iRX  0  and  -ff  <  arg  (-iz)-$  0  Since  R  >  0,  this  require¬ 
ment  is  met  only  for  the  minus  sign  preceding  iR  and  for  z  >  o.  Thus,  we  note  that  for  these 
conditions,  g,  ({)  will  converge  since 


lim 


e"?Vky  +  ({*  -K*)  ^ 

Vky  -  K^)  =  0  for  z  >  0.  Also  since  V5*  >  0,  then  -n  <  arg  (-iR)  <  0 


implies  -rr  <  arg  (-  iRV{*  -k^)<  0,  confirming  the  fact  that  for  this  case, 
(-iRV?-:r-)  =  o. 
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. 


Case  2:  >  {* 

In  Equation  (1 4b)  we  set 

r  =  ±  =  ±i  Vk*  -(^,a  =  -iz,  x  =  ky,  t  =  y-y' 

Then 

gj  (?)  =  Ij  =  -iff  (±i  y/P~^  •  i  Vz*  +  (y  -  y')^) 

=  -ijr  (T  Rv/r^^) 

Following  reasoning  similar  to  that  above  for  (5).  we  choose  the  negative  algebraic  sign  for 
the  argument  of 
Hence 

g,  (5)  =  g,  «)  =  -iff 
and 

Gj(x,z|x',0)=  J  H<?>(-RN/P^)e*f“d| 

-OO 


Letting  u  =  -u',  u^  =  (u')*  in  this  equation  and  then  evaluating  the  integral  by  using  Equation 
(14a)  with* 

r  =  -R,a*  =  (c^ , a  =  ±K,  t  =  J,  X  =  u' 
we  obtain  the  closed-form  solution  forG®  (x,z|x',0): 


-ff  2i  e~‘ 

Gp  *  VI  -M^  VR’  +(u')* 

The  -K  shown  in  the  parentheses  is  chosen  to  ensure  an  outward-traveling  wave,  i.e., 
represents  an  outgoing  wave.  Thus,  letting  u'  ♦  -u 


G°  (x,y,z|x',y',0)  = 


-2ni 

Vu‘  +  R* 


;  M<  1 


(15) 


where 


*The  substitutions  represent  a  change  in  the  symbols  used  in  Equation  (14a).  Once  made,  the  actual  value  of 


»  x-x 

"Vi^* 
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Because  of  panel  vibration,  the  pressure  in  the  half-space  above  the  panel,  obtained 
from  Equations  (4)  and  (12)  is,  on  interchanging  the  operator  L  and  the  integrals* 


*Equation  (16)  is  a  general  expression  for  (x,z).  For  a  clamped-clamped  plate  this  expression  can  be 
reduced  as  follows.  Let 

a  b  b  r~  a 

r  >  I 

dy' 


a  D  D  p  a  a 

1=  J  jLG"LV(x',y')dx'dy'=  J  J  k  G“  L'w  dx' +  iM  J 

0  0  0  L  0  0 


f-G°L'wdx' 
dx  P 


3G®  3G" 

Now  from  Equation  (13),-^  =  -  so  that  integrating  the  second  integral  in  brackets  by  parts 
OX  ox 

9G2 


OU 

u  =  L'w,  dv  =  dx*,  V  =  Gp,  du  =  L'w  dx' 


we  get 

b  ^  3 


D  pa  a 

1=  J  JkG“  L'wdx'-iM  jL'w^dx'  dy' 

0  L  0  0 


0 

where 


G®  L'w 


a 

-  a  a 

) 

JkG“  L'wdx'-iM 

0 

-00 

} 

dy' 


=  G°  (x,y,z|a,y',0)  j^kw(a,y')  +  iM-|^,  (a,y')j  -G”  (x,y,z|0,y',0)  |^kw(0,y')  +  iM 
I 

=  0  for  clamped<lamped  plate  since  w(a,y')  =  =  w(0,y')  =  ^  =  0 

OX  ox 


Hence 
b  a 


b  a  b  a 

=  j  j  [k  G“  L'w  +  iM  G°-^  L'wj  dx'dy'  =  j  |  G°  (k  +  iM  L'w  dx'dy' 
0  0  0  0 


0  0 
a  b 


=  J  Jg°L'*w  dx'dy' 

0  0 

Thus  for  a  clamped-clamped  plate 


Pj(x^)  j  (x,y,z|x',y',0)  L'*  w  (x',y')  dx'dy' 

0  0 


(compare  with  Equation  (16)). 
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(16) 


,  ®  1^ 

Pa  J  J  L  GJ  (x.zlx',0)  L'w  (x'.y')  dx'dy' 

0  0 

wh(;re  w  is  defined  as  positive  in  the  positive  z  direction. 

For  the  vibrating  plate  in  three-dimensional  compressible  flow,  we  consider  two 
pressure  fields,  namely,  (1)  the  internal  (cavity)  pressure  field  p‘(x'),  acting  on  the  plate  and 

(2)  the  external  pressure  field,  p°(x'),  acting  on  the  plate.  This  external  field  consists  of  two 
superimposed  parts:  (a)  the  blocked  pressure  field,  P^j(x').  which  in  the  present  problem,  will 

be  the  turbulent  pressure  field  on  the  streamside  of  a  rigid  plate,  presumed  known  from 
measurements  and  mathematically  formulated  in  statistical  terms,  and  (b)  the  external  acoustic 
pressure  field,  p^  (x  )  due  to  the  plate  motion.  The  plate  motion  is  now  treated. 

Consider  a  plate-cavity  system,  see  Figure  1 ;  note  w  is  now  defined  to  be  positive 
inward,  in  the  direction  of  positive  z,  i.e.,  the  half-space  (including  the  upper  surface  of  the 
plate)  occupies  all  points  x,  y,  -<»  <  z  <  0  and  the  cavity  (including  the  lower  surface  of  the 
plate)  occupies  all  points  x,  y,  0  <  z  <  c.  For  harmonic  excitation,  the  plate  response  is  given 
in  terms  of  the  plate  Green  function  G  and  the  total  pressure  acting  on  the  plate  by 

w(x)=  J  G(x|x';w)  (pO(x')-p'(x')l  dx’ 

=  J  G(x|x';w)l{^j(x')  +  Pj(x')-p‘(x')l  dx'  (17) 

because  p°(x')  =  p^^(x')  +  p^  (x'). 

The  pressure  in  the  cavity  is  given  in  terms  of  the  cavity  Green  function  G  and  the 

P 

derivative  of  the  internal  (cavity)  pressure  with  respect  to  the  normal 

p‘(V)  =  -  Jcp(xlx»^*dx 

% 

Now  if  0(x,z,t)  =  0(x,z)  e  is  the  velocity  potential  in  the  cavity  space  with  fluid  density  p^, 
then  at  the  plate  boundary  where  z  =  0 

p'(x,t)  =  pg  -  =  p^.  |j-iu;(^(x)  e"“^*j 
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and 


dp*(x,t)  _  .  d0(x)  -io)t 

di>  ‘^c^~dir^ 

Since  the  boundary  conditions  for  the  velocity  are  (note  fluid  particle  velocity  is  in  cavity 
and  is  in  half-space  outside  of  the  cavity) 


^  =  *w(x,t)  =  -^gj(x,t)  =  -  j^-icow(x)  e''“*j 

on  plate 

=  0 

off  plate 

then 

gp  =  icow(x)  on  plate 

=  0  off  plate 

and 

t  f _ a.1.  _ 

3p‘(x)_  , 

3v 

Hence,  the  resulting  pressure  in  the  cavity  is 


p‘(x')=-p  caM  G  (xlx’; to)  w(x)  dx 
c  P 

Using  the  principle  of  reciprocity,  G°  (x,  zlx',  o)  =  G°  (x',  oiX,  z),  the  pressure  on  the  panel 

P  P 

(z=o)  adjacent  to  the  half-space  as  obtained  from  Equation  (16)  is* 

+ipc’  p  r 

Pj  (x')=p,  (x  ,  o)=Pj  (x',  y',  o)  =  J  L'  Gp(x',  y',  olx,  y,  o)Lw(x,  y)  dx  dy 

o  o 


Expanding  the  plate  displacement  in  terms  of  its  in  vacuo  mode  shapes 


w(x)=  I  ^^l{»*(x);  i=(,(c^)  (19) 


Substituting  Equation  (19)  into  Equation  (17),  multiplying  by  m^'^(x)  and  integrating  with 
respect  to  x  over  the  panel  area,  wc  obtain 


J  J  wi;/'(x)G(m':o})  (x’)-Pj(x')j  dx  dx' 


(20) 


An-'n 
P  P 


•Gp  (x',  y',  o|x,  y,  o)is  defined  by  Equation  (IS)  with  z=o  and  R=(y-y'). 


46 


_  ■»  -^R  *• 


where  M,  =J  m  \(/'(x)dx  is  the  modal  mass. 

A„ 


The  plate  Green  function  is* 


G(x,x')=2!!^Mi^ 
‘  MY. 


(21) 


where 


Y  =cj» 
s  s 


(22) 


Substituting  Equation  (21)  into  Equation  (20)  and  performing  the  integration  with 
respect  to  x  gives 


or 


-Y  M  ?  +  r'  -  =  -r' 

'  '  f  P2  Pi  PbC 


(23) 


*Tlie  modal  equation  for  the  plate  is^^* 


= 


J' 


=  MjYj(co)^j(a;)=  |  p(x)\[»*(x)dx 


where  p(x)=p°(x)-p'(x)  and  »?5=2f, 


Tlien 


w. 


G(xlx';cj)=w(x ) 

=  w(x  ;u;( 

V 

p(x  )=fi(x-x') 

p(x)=6(x-x') 

p(x)=6(x-x  ) 


4 


j  6(x-x 


)dx 


M  Y^lco) 


=  1 


..il>^(x)i^V) 


which  is  Equation  (21) 


'(X) 
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In  Equation  (23)  define 


and 


and 


where 


and 


hi  J 


(x')p,(x')dx' 


=  I  *  V) 

=  — -?  f  (^^(x')  r  L*  G®(x'|x)L  E  J  (x)  dx  dx' 

4jr^  J  J  *  * 

=  -pw*  E 


(x')p‘(x')dx' 


VJ*' 

=  -p^,  j*  ^'(x')J  Gp(xlx')E  ,i/^x)dxdx' 


P  P 

.rs 


=  -P^w’  E  l  ? 
Css 


A„ 
P  P 


'■•■1.1*'' 


I  -|  I  \1'  (x) Gp(xlx')  it*(x')  dx  dx' 


A 

p  p 


(24) 


(25) 


(26) 


47r’k’  j  J*  G°(x'|x)L  ^*(x)  dx  dx'  (27) 


(28) 


Here,  Gp(x',y',o|x.y,o)  is  the  upper  half-space  Green  function  at  the  surface  of  the  plate  and 
%  ^  Gp(x,y,oix',y',o)  is  the  cavity  Green  function  at  the  surface  of  the  plate. 
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-  v«-.  j--  _ 


Substituting  Equations  (25)  and  (26)  into  Equation  (23),  we  obtain  the  fundamental 
modal  equation  * 


[-M,Y  +  fe.  r% J")]  i,  (p  1“  -r 


(29) 


be 


which  can  be  expressed  in  the  simpler  form 


a  {  +  £  a  i  =  -r 
f  s^r  •'s  s  P. 


be 


(30) 


_  J 

where  the  a  ’  are  the  intermodal  coupling  coefficients:  a„  and  a  are  the  auto  and  cross  terms 
rs  rr  rs 

respectively  given  by 


a 


rr 


=  -M  Y  +a;^(p  l"-pj") 
r  r  c 


a 

rs 


w’(p^r*-pj") 


A2.  RESPONSE  TO  RANDOM  EXCITATION 

The  Fourier  transform  of  the  truncated  random  displacement  of  the  plate  W^(x,w)  is 

related  to  the  Fourier  transform  of  the  truncated  random  exciting  blocked  pressure  at  the  surface 
^g(x,tj)  (compare  with  Equation  (17))  by^ 

W^(x,w)  =  J  G(x|x';w)|'P^(x',w)  +  Pj(x',u;)  -P.  (-x',u;)jdx'  (31) 

‘'p 

where  the  transforms  are  defined  over  the  interval  -2<t<  By  analogy  with  Equations  (18) 
and  (16),  the  internal  and  external  fields  are  respectively  given  by 


P.  (x',w) — p^  CO*  J  Gp(x|x';co)  W^(x,to)dx 
ipc*  r 

Pj(x',cj)  =  — -  L’ G”(x|x';co)LW_(x,co)dx 

T  47r*  J  P  ‘ 


(32) 


(33) 


•For  a  cavity  containing  a  vacuum,  p^=0.  Hence  terms  in  l"  and  T  vanish  for  this  case. 
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Equations  (31)  through  (33)  can  be  solved  to  yield* 


W  (x,cj)=  -  2  ^(/'(x)a  r‘  (w) 

T 


(34) 


where 

S  =Al_ 

rt  det  (a^^) 

is  the  cofactor  of  the  element  a^^  in  the  determinant  det  (a^^)  where  is  the  modal  matrix 
obtained  by  truncating  the  modal  series  in  Equation  (30). 

Tlie  cross-spectral  density  of  the  plate  displacement  is  defined  by 


S^(x|x";cj) 


lim 

T-oo 


2_ 

T 


W.j.(x,a,)W*(x',w) 


(36) 


Substituting  Equation  (34)  into  Equation  (36)  and  using  the  definition  of  r‘  (u>)  as  defined  by 
analogy  with  Equation  (24) 


S^(x|jr;w)=£  2  I  ^(x)  4>\x^) 


III' 

‘'p  ''p  Phi 


(x|x';w)  i//'(x)  i^"(x')  dx  dit 


(37) 


•In  Equations  (19)  and  (30),  let  Sr  and  M.  Tlien  Equation  (30)  written  as 

a  (u»^(w)  +  2  a  (cj)  t  (w)  =  2  a.  (w){  (w)  =  -P*  (w) 
"  ‘  r^t  "  r  r.i  U  r 

T 

has  the  solution 


?  =  -  2  a  r' 
t  r.l  rt 

and  Equation  (19)  has  the  corresponding  solution 


where  a 

rt 


A 


det  (a  )' 
tr' 


W_(x.w)=-2 

T  r.t 


/(x)a^, 
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where 


represents  the  cross-spectral  doisity  of  the  blocked  pressure,  i.e.,  turbulence  pressure.  The 
spectral  density  of  plate  displac  .‘ment  is  obtained  by  letting  x'-.x. 


A3.  CROSS-SPECTRAL  DENSITY  OF  THE  ACOUSTIC  PRESSURE  IN  A  CAVITY 

The  cross-spectral  density  of  the  cavity  pressure  is  defineil  by 

S  (xix';  w)=  jim  -^P.ix,  w>P*  (x' to) 

Pj  T-»oo  ■ 


Substituting  Equation  (32)  into  this  equation  with 


^  (x''l.x''';oj)  =  p^to^  r  r  G*(x|x'';to) 
•'Ap  Jap 


G  (x'|x"';to)  lini  (x,co)  W*  (x'.to  )  ilx  ilx' 
P  T  T  T 


Let  x"..?  and  x"'..?’  theii 


S  (Ilf  ;co)  =  p^o) 
Pi 


1.  i  ° 

P 


p(x||;to)  Gp(x'|j';to)  S^(xix':to  )  dx  dx' 


(38) 


An  alternative  method  of  derivation  is  given  by  Pope.^ 

Substituting  the  expression  for  S^  given  by  Equation  (37)  into  Equation  (38)  gives  tlie 

expression  for  the  cross-spectral  density  of  the  pressure  at  any  two  points  in  the  cavity  in  tenns 
ot  the  cross-spectral  density  of  the  external  blocked  pressure  and  tlie  cavity  Green  function. 


A4.  SPECTRAL  DENSITY  OF  (COMPLEX)  POWER  RADIATED  TO  THE  HALF-SPACE 

Tlie  cross-spectral  density  of  pressure  p^  at  position  x  witli  velocity  v.^  at  position  x' 
is  defined  by  ' 

S  v(xix' ;w )  =  jim  P,  (x.w )  V* ( x'.w ) 

X-»oo  I  “y  I 

where  p,^  and  arc  the  Fourier  transforms  of  the  truncated  raiuloin  quantities.  Now 


(39) 


so  the  Fourier  transform"' 


V  (x,cj)  =  icoW  (x.w),  V|(x,to)  =  -iwW^(x.w) 


and  from  Equation  (33)  with  L'^l^k  for  M=0  and  letting  x'-*  x,  x-x”  and  G°(x''rx;a;)  - 

G°(x|x";u)),  we  get 
P 


f  G°(x|x'';, 


,a;)W^(x'',a;)dx'' 


Hence  Equation  (39)  is 


Spjv(xl^;‘^)"  (2jr)* 


( 


tTooT  (  f  Gp(x|x";(0)  W^(x'’,u,)dx"\  w;  (x',  a;)j 
'  a'p  ' 

=  f  G°(xlx'';<o){!^^fwT(x",co)W^(3t',co)dx" 


PCQ-* 

(2ny 


f  G°(x|x'';, 

Ja 


;o>)S^  (j^'|x';w)dx'' 


'w 


(40) 


Tlie  spectral  density  or  spectrum  of  power  being  radiated  to  the  half-space  by  the  panel  is 
obtained  by  letting  x'  ♦  x  and  by  integrating  Sp  ^  (x;w)  over  the  panel  area 


f  Sp^,(x;«)dx 
Ja 


(41) 


V.p(x,cj)=7 


oo 

/dw  r\  r 

\  dt  /  J  dt 


g-iwt  integrate  this  expression  by  parts  letting  u  -  e 


OO  OO 


dw^  r  dw^  r 

du  =  -iwe''‘^'dt,dv  =  — dt,v=  w^,  sothat  I  __  e'^^' dt  =  Wp  e"'*^'  -  |  -  iwwp 


e-'^^'  dt. 


-OO  -OO 


But  Wt  e 


-icot 


0  since  w.p  ♦  0  at  ±  <».  Hence 


OO 

J 


J 


g-'Wi  d(  =  +  I  w.p  e"'^' dt  or 


+  ico7(w.p). 
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Equation  (41)  is  a  complex  quantity,  tlie  real  part  of  which  represents  the  real  power.*  Sub¬ 
stitution  of  Equations  (37)  and  (40)  into  Equation  (4 1)  (letting  x'  ♦  x  and  tlie  dummy 
variable  x"  *  jT  in  Equation  (40)  oi  Gj  (xrx"-,w)*  G°  (x|x';a;)  and  (x''|5r;cj)>  Sw  (x^|x;w) 
=  (x|x';a;))  gives 


II 


G°  (x|x')  ^(/'■(x)  \l/ 


(x')  dxd?r 


US  (x''|x"';co)  (x")  (x"')  dx^'dx"' 

...  “ 


'A 

■P  ''p 


Tlie  total  power  generated  in  a  band  Ato  is 


(42) 


""d'l  =  f 

Acj  Aco 

A5.  CROSS-SPECTRAL  DENSITY  OF  PRESSURE  IN  THE  HALF-SPACE 

In  analogy  with  Equation  (38) 


Sp.  "flT? 


'  I.  L 


(x|?;w)GO  (x'|?';w)S^^  (x|x';w)  dxdx'  (43a) 


A6.  SPECTRAL  DENSITY  OF  (COMPLEX)  POWER  RADIATED  INTO  THE  CAVITY 

Tlie  cross-spectral  density  of  pressure  pj  at  position  x  with  velocity  Vj.  at  position  x'  is 

Sp^v  “  j  ^  oo  (43b) 

where  and  Vj  are  the  Fourier  transforms  of  the  truncated  random  quantities.  Now 

Vt  (x.t)  =  ;jL^^ 

so  the  Fourier  transform 


V^(X,u;)  =  itjWy(x,cj),  Vf(x,w)  =  -iwWf(x,w) 

and  from  Equation  (32),  first  letting  x'  ♦  x,  x  *  x"  and  then  Gp(x"|x;w)  =  Gp(x|x'';w),  we 
get 


In  Equation  (41)  (cj)  represents  both  the  real  and  reactive  power  generated  in  the  half-space. 
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Hence 


(x,w)  =  -pgw»  r  Gp(x|x'';w)WT.(x'';w)dx'' 

J. » 


Sp,y(x|x'  ;co )  =  (x;cj )  W|  (x'  ;u; ) 

=  ^  Q  Gp  (x|x";u..)  Wy  (x'';a;)  dx")  W|  (x';w)  dx" 


1 


L 


=  iPj.w*  j  Gp  (xix";cj)S^(x"|x';w)dx'' 


(43c) 


Tlie  spectral  density  of  power  radiated  into  the  cavity  is  obtained  by  letting  x'  -*•  x  and  by 
integrating  Sp  ^  (x;u))  over  the  panel  area. 


w;n‘  (co)  = 


Sp^y  (x;co)  dx 


(43d) 


Equation  (43d)  is  a  complex  quantity,  the  real  part  of  which  represents  the  real  power  (see 
footnote  to  sentence  below  Equation  (41)). 

Substitution  of  Equations  (37)  and  (43c)  into  (43d)  (letting  x'  •<>  x  and  the  dummy 
variables  x”  ■<>  x'  in  Equation  (43c)  or  Gp(x|x";cu)  >  Gp  (x|x';w)and  (x''|x';u;)*  (x'|x;u;) 

=  (x|x';cj)  gives 


(“)  = 


,.6,n  [  f 

Ja  Ja 


Gp  (x|x')  ^"^(x)  (x')  dxdx’ 


j  j 

•A':  A: 


A„  •'A„, 

P  P 


Sp^(x"|x’''),(/‘(x")^"  (x''')dx''dx''' 


(43e) 


p  p 

Tlie  total  power  generated  in  a  band  Aw  is 


II 


int 

rad 


Aw 


f  Wi"3t(^)dw 

•Aw 
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APPENDIX  B 


EVALUATION  OF  THE  INTERMODAL 
COUPLING  COEFFICIENTS 

From  Equation  (30),  the  intermodal  coupling  coefficients  consist  of  auto  terms 
and  cross  terms  a^^.  The  auto  terms  are  expressed  in  terms  of  the  joint  coupling  coef¬ 
ficients  of  the  cavity  and  of  the  half-space  in  accordance  with  Equation  (44)  below 
The  cross  terms  a^j  are  expressed  in  terms  of  the  cross  coupling  coefficients  of  the  cavity 
F*  and  of  the  half-space  in  accordance  with  Equation  (45)  below* 

^rr  =  -  Yj  +  (p^  T"  -  p  J")  (44) 

=  ^2  (p^  ^  Jrs)  (45^ 

The  intermodal  coupling  coefficients  a^^  a^^  must  be  evaluated  to  obtain  the  intermodal 
receptances  from  Equation  (35).  The  evaluation  of  the  intermodal  receptances  is  re¬ 
quired  for  the-  solution  of  Equations  (37),  (38),  (42)  and  (43). 


B1.  CALCULATION  OF  THE  HALF-SPACE  COEFFICIENTS  J„.  J„ 

In  marine  applications,  the  free-stream  velocity  is  low  so  that,  approximately,  M  =  O. 
For  this  case  L  =  k  +  — ►  k,  L'  =  k  +  iM  — ►k,  and  from  Equation  (27), 

M  =  0  (46) 


Jrs  /*  r  (jj.)  go  (jj) 

•'a;,  •'Ap 


where  0“  (x'|x)=  0°  (x',  y',  o|  x,  y,  z)|  “  half-space  Green  func¬ 

tion  at  the  surface  of  the  plate.  Thus,  from  Equation  (15)  with  M  =  0  letting  k— k, 
u— T?  =  X  -  x',  R-»p  =  y  -  y': 

G°  (xlx')  =  GJ  (x'l  X)  =  ;  M  =  0  (47) 

where  r  =  J (x  -  x')2  -H  (y  -  y')2  =  +  p2 

The  Fourier  transform  of  G”  (x|x')  is  defined  by 


•The  joint  coupling  coefficients  for  the  half-space  J"  represents  the  auto  resistive  and  reactive  a)upling.  Similarly,  the 
aoss  coupling  coelTicicnt,  represents  the  cross  resistive  and  reactive  coupling 
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.  v.iU.4 


PO  OO 

GJ  (k^,  ky)  =y*  y  GJ  (XID  e-‘  (‘‘x^  +  ‘‘y'")  cItj  d/i 


where  0°  (xlx')  =  G°  (tj,  h) 


G5(x|x')=-^=-L 

^  (2ny 


w  OO 

If  G°(k^.ky)e‘(''x^+V^dkxdky  ;  M  =  0 


and  therefore 


G°  (k^,  k  )  =  -2ni  f  f  ^  ^  +  ky^)  d„d,i 

J  J 


=  -2ni 


00  r 

..  (c-'k  fik 


■’^x’^drj  d/i 


(48a) 


(48b) 


Using  the  inverse  Fourier  transform  of  Gradshteyn  and  Ryzhik^^  (see  formula  6.616.4  on 
page  710  of  their  book),  the  integral  within  the  brackets  is  evaluated  to 

(^lsJk^  -  k^)  so  that 


OO 

G°  (k^,  ky)  =  -(2»r)2  y  H<2)  (m Jk^  -  kj  )  e’^kyi^  d^ 


k^  -  (k^  +  kp) 


;  M  =  0 


where  the  last  result  is  obtained  directly  ftom  the  above  referenced  formula. 

We  can  easily  confirm  this  result  for  G)*  (k„,  k„)  as  follows.  From  Equation  (8). 

p  A  y 

4'  =  n  (k  ,  k  )  e'f^l  =  n  (k„,  k„)  ■  For  the  chosen  plate-cavity  coordinate 

y  'z>o  r 

system,  the  half-space  represents  the  region  of  -z  or  z<o.  Hence  for  an  outgoing  wave,  we 
require  the  quantity  -f  or  f<o.  Thus,  comparing  Equations  (48b)  and  (13)  with  z=z'=0 
we  get 


G^  (k.,  kj 


IM=0  N=o 


-(2^)2 


^  ...-f  L..  -  (k  .  k  ) 


;  M  =  0 


'X  y' 


56 


where  the  quantity  i  in  Equation  (7)  is  preceded  by  a  negative  sign.  Substituting  the 
integral  expression  for  G"  (xlx')  into  equation  (46),  we  get* 


dk^dky 


(49) 


where 


a  b 

Sj(kxi  ky)  -  /  /  l</*(x',  y')  e  ‘<‘'xx'  +  kyy') 

0  0 


dy' 


(50) 


and 


a  b 


S,*(kx,  ky)  -f  /  '/''(x,  y)  e‘*’‘^*‘xx  +  kyy)  dy 


(51) 


0  0 


For  a  simply  supported  plate  **  let  s  =  (in,  n)  and  r  =  (q,  r)  represent  the  mode 
numbers  for  two  modes.  The  corresponding  mode  shapes  for  the  plate  are  given  by 

v)  -  sin  ^  •‘ny 

ll>'(x)  =  ^  ’^ry  (52a, b) 


where 


k  =  I!lIIk=J!£  k=9»f  k=I!L 

m  a  ’  n  b  ’  q  ~  ’  f  b 

Substituting  Equation  (52a)  into  (50)  and  Equation  (52b)  into  (51)  and  performing  the 
integrations,  we  get 


•The  result  for  G°  (k  ,  k  )  is  further  substantiated  by  use  of  the  general  relation  between  7^**  jnd  Davies 
p  X  y 

radiation  coefndent  R^pq,  («*  fiisl  footnote  to  Appendix  T). =  ~  *^mnqt  jj  given  by  hquation  (49) 

and  R  is  given  by  Equation  (BI6)  of  References  4  and  5;  to  account  for  the  fact  that  S  and  S*  defined  here  and 
fnn(|r  ^  si 

in  equation  (BI6)  are  complex  conjugates  of  each  other  we  set  i  =  >1  in  the  relation. 

••See  Appendix  E  for  method  of  solution  for  clamped  plates. 
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(52c, d) 


K  K-l)"’  K-D"  e  'S'’-!) 

=  Smn^*^x>  '  ^,,2  _  v2  ^  ,v2  _  v2^ 


\n  «-ik„b. 


(k^  -  km>  (S  ■  ‘‘n> 


2  -  k2 
+ik,a 

q,  (ky 


k„  k,  K-l)*!  e*"‘x“  -  I]  ((-1)'  -1) 

S?  =  S*  (k„,  ky)  =  - = - = - = - 5 - 

^  V  ^  y  (kj  .  k2)  (k2  -  k2) 


Hence  for  a  simply  supported  plate 


SmnS^r  = 


kmknkqkr  M  e  '^'x^-f-l )‘l  e‘'‘x“I  [ I  +(-l )"'^'-(-l)"  e  ''^y*’ -(-!)'  e'‘‘y*’) 


(kx-ki,Kk^-k^Kk^-k^)(k^-k^) 


2_i,2\/i,2_i,2wi,2_i,2\ 


Consider 


N  =  (1  +  -  (-I)*"  e  ''‘x“  -  (-1)*!  e^^x®) 

Case  1 :  q  odd,  m  odd;  q  •«•  m  even 

(.nq+m  =  I,  (-1)*"  =  -1  =  (-I)‘l 

N  =  2  (1  -  (-O'"  cos  k^al 


Case  2:  q  even,  m  even;  q  +  m  even 

{.I)q+ni  =  I,  (-1)"!  =  I  =  (.i)q 


N  =  2  11  -  (-I)*"  cos  k^a) 

Case  3:  q  odd,  m  even;  q  +  m  odd 

(-l)q+ni  =  (.,)m  =  ,  (.,)q  =  (.,)m  =  .  (.,)q 

N  =  (e‘*‘x®  -  e''*^x‘*)  =  2i  sin  kjjB 
Case  4:  q  even,  m  odd;  q  +  m  odd 

(.l)q+ni  =  (,,)m  =  .,  (.i)q  =  (.i)ni  =  .  (.|)q 

N  =  -  [e‘'’‘x“  -  c‘’‘x“)  =  -2i  sin  k^a 

Similar  results  pertain  for  the  n,  r  mode  numbers  in  the  second  bracket  of  the  numerator 
in  the  expression  for  S*^. 
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We  now  take  account  of  the  fact  that  G®  (k^,  ky)  =  122  i-Sx 

•J  ^  ■*■  '^y' 

function  in  k^  and  ky  and  that  terms  involving  sines  of  the  wave  numbers  (Cases  3  and  4) 
will  vanish  as  the  integrations  for  given  by  Equation  (49)  are  performed  over  the 

infinite  intervals.  Furthermore,  m  and  q,  and  n  and  r  must  have  the  same  parity;  that 
is,  either  both  are  even  or  both  are  odd,  otherwise  =  0. 

Thus  the  only  permissible  combinations  for  the  odd  and  even  mode  numbers  are 
(o  =  odd,  e  =  even) 


m,  n,  q,  r  = 


0000 
o  e  o  e 
e  0  e  o 
e  e  e  e 


m  +  q  =  e 
n  +  r  =  e 


and  we  conclude  that  only  panel  modes  of  similar  form  are  coupled  by  the  cavity  so  that 
each  mode  is  thus  coupled  to  at  most  only  one-quarter  of  all  of  the  other  modes. 

In  view  of  the  requirement  of  parity,  we  can  write 


4  kj„  kn  kq  kf  11  -  (-1)"’  cos  k^a)  [1  -  (-1)"  cos  kyb) 
(kj  -  kj,)  (kj  -  k^)  (k^  -  kj)  (kj  -  kj) 


(52e) 


Hence  Equation  (49)  becomes 


Jmnqr  _ 


(2»ry 


go  QC 

ii 


(2n)^  4  kp,  k„  k  kj  (l-(-l)"’ cos  k^alJI-H)"]^ 


(k^  -  k^  -  k^)’'^ 


dk^dk 


or,  equivalently. 


Jmnqr  -  *  ^1  ^ 


(53) 


where 


I  = 


// 


[  1  -  (-1 )"'  cos  a] 


(k2  - 


II  -  (-1)”  cos  1^1  dk,  dk^, 


ki)  (k^  -  k^)  (k^  -  k^)  (k^  -  k^)  (k^  -  k^  -  k^) 


'm 


'A 


(54) 


Equation  (54)  is  of  the  form  utilized  by  Davies^.*  In  subsequent  analyses,  we  shall 
be  concerned  with  calculating  the  real  and  imaginary  parts  of  Equation  (54)  and  therefore 
of  Equation  (53). 


jmnqr  =  jinnqr  ^  j  jmnqr 

X  R 


(55) 


where  is  the  reactive  component  and  is  the  radiation  component  of  the  inter- 

modal  coupling  coefficient  P'^^l^.  in  Equation  (54)  let  kj^  =  a,  ky  =  then 


_ [1  -  (-l)*^  cos  a  g)  d  g 

(a^  -  k^)  (a^  -  k^)  (k^  - 


[1  -  (-1)"  cos  b  g)  .. 

(02-k2)(^2.k2) 


(1  ~  (-1)"  cos  b  gl 

(02.k2)(/j2.k2) 


d0 


(56a) 


where 


ll(0)  = 


oo 

/ 


[1  -  (-I)"*  cos  a  g] 


(a2  -  kj,)  (a2  -  k^)  (k^  -  a“  -  0^'^ 


da 


(56b) 


The  denominator  of  the  integrand  in  equation  (56b)  is  two-sheeted  with  square-root  type 
branch  points  at 


a 


1,2 

b 


and  poles  at 


a  =  +  k 


m’ 


o  =  +  k„ 


Figure  7  shows  the  locus  of  a^’2  as  0  ranges  from  -<»tooo  .  Possible  configurations 
of  the  branch  cuts  for  various  values  of  0  are  shown  in  Figure  8a.  Tlie  preferred  configura¬ 
tions  are  shown  in  Figure  8b;  the  real  and  imaginary  parts  of  are  naturally  separated 

by  using  these  cuts.  Now  we  observe  that 

r^e***®  f  (a)  do  =  f” cos  aaf(a)da 

_  •^•oo  ^-OO 


'The  equivalence  between  Davies  results  and  the  present  results  for  js  shown  in  Ap|iendi\  t. 


t 


^  ■  ±  oo 

a  -  PLANE 

f 

.0*  ±k 

X  0-0 

+k 

Figure  7  -  Locus  of 
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for  even  f  (a).  Therefore,  we  consider  equation  (56b)  in  the  form 


1,  (P) 


O 

f 


fl  -  (-1)'"  da 


(a^  -  k^)  (a^  -  k^)  (k^  -  o? 


j2)V4 


(57) 


and  represent  the  infinite  integral  as  that  portion  of  a  contour  integral  corresponding  to  a 
path  along  the  real  axis.  The  contour  is  closed  in  the  upper  half-plane.  Note  that  Ij(P)  will 
evaluate  to  two  different  functions  of  &  according  to  the  value  of  0.  The  values  of  I|(/}) 
for  which  the  branch  points  lie  on  the  positive  and  negative  imaginary  lines  are  designated 
Case  1,  and  the  values  of  Ij(p)  for  which  the  branch  points  lie  on  the  positive  and  negative 
real  lines  are  designated  as  Case  2. 

To  begin,  consider  a  case  with  kj,,,  k^  >  k,  m  ^  q  and  m  +  q  even.  The  branch 
points  and  cuts  and  the  location  of  the  poles  are  shown  in  Figure  9.  Now  consider  the 
encirclement  of  the  poles  and  the  selection  of  the  branch  of  the  square  root. 

f  =  (k2  -  a2  -  (58) 

Since  we  are  working  in  the  space  z<0  and  the  radiated  pressure  is  of  the  form  e'^^,  f 
must  have  a  negative  imaginary  part*  for  large  (real)  a  with  the  integration  contour  shown 
in  Figure  10.  Consider  Case  2.  Application  of  the  Cauchy  residue  theorem  gives  for  the 
integral  of  the  contour  which  completely  encloses  the  poles  ±k„,,  ±kj^: 


•'r,  •'rj  •'Pj  •'r4  •'Cr,  •'r.,  •'r,  ■'r,  •'c,  •'r,  ■'r,  ■'pg  ■'Cr 


=  211  ^  Residues  =  2)ri  (Res  (k„,)  +  Res  (k^)] 


where  the  integrand  for  these  integrals  is  that  of  Equation  (57). 
Now** 

-•  0  as  p  -*0 


£ 


•So  that  the  pressure  will  decay  with  distance  from  the  plate. 

••Let  a  =  Uj  ♦  pe'^,  =  aj  +  2paj  e'^  +  p^  e**^;  da  =  ipe'^d^ 


Then  for  the  circle  Cp.  we  have 


Li: 


II  e‘=^|  da 

(u^  -  ta^  -  k^l  ta^  -  u^) 


|1  -t-ir  e»(a|  •  lip 


d0| 


^  (aj  ♦  2pa,  e"^  +  p^  V  '  “l  ' 

Now  ^  j. 

^a  (aj  +  pe^  .  ^iaa|  •  ^iaptcos  0  ♦  t  sin  01  _  ^.taai  ^lap  cos  0  ^,-ap  sin  p 

Thus  as  p-»0.  the  integrand  tends  to 


^  >ndcptndcnl  of  the  limits  for  p.  heniv  the  sanw  results  are  ohtained  for  |  |da  around 


Theretorc 


branch  point  -a. 
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CASE  1 

P<-kJ>k 

a  -  PLANE 

=  i 

‘Sn 

^  •‘m  •‘q 

V 

Oj  =  -i 

Figure  9  -  Branch  Points  and  Cuts  in  the  a-plane:  k„,  k„>k,  k 

^  in  q  *  m  q 


Figure  10  -  Case  2  Integration  Contour; 


i;  a-PLANE 


1  f  P 

^  vJ  1  a,  1  k_ 


-k<<3<k 
(a,  *  ij 


Figurr  lOa 


6S 


-k  <  /?  <  k 


Figure  10  b 


-*0  as  R 

■» 


"Where  R  is  the  radius  of  the  arcs 


'y 


=  -jriRes  (-k^^) 
=  -JriRes  (-k^^) 


due  to  negative  sense  of  the  integral  for  tlie  contour 
encircling  .  -k,„,  -k^ 


=  jriRes  (+k^) 


=  jriRes  (+k^^) 


due  to  positive  sense  of  the  integral  for  the  contour 
encircling  ,  +k,„,  +kjj 


Hence  the  principal  value  of  I|  (/3)  is 


P[Il(^)l  =  r  +  f  =2jriIRes(k„,)  +  Res(kq))+jrilRes(-k„,)+Res(-k^)  +  Resfk„,)+Res(kq)) 
•'r.x 

(/,  /,  i, 


For  siniplication  in  notation,  let 
written  as 


L; 


Pj.  Tlien  the  preceding  equation  is 


PII|W1  =ni  (Res(k^)  +  Res(kq)l  +jri  (Res  (-k„,)  +  Res  (-kq)l  -  (P, +r2+r3+r4)  (59) 

where  for  the  pole  at  a  =  k^, 


[I  -  (-l)*^  e''^in‘»l 

2k, „  (kj,  -  kJ)  (af  -  k2  ) 

since  I  -  (-1)”’  e'*^m“  =  1  -  (-1)"’  =  I  -  (-1)^'”  =  0 

Therefore,  for  the  simple  poles  in  Equation  (59) 

Res  (k^)  5  Res  (-k„,)  =  Res  (k^)  =  Res  (-k^^)  =  0 


Res  (k^)  = 


[1  -  (-1)" 


(a  + 


km)  - 


k^) (af  -  aJ) 


hi 


and 


P|i,W)l  =  -  (r,+r2+r3+r4) 


The  •'^Pi’estfnlalion  for  each  line  integral  is  now  determined  for  tlie  proper  branch  of  f.  To 
determine  this  branch  let 


or 


f  =  sTk*  -  a-  -  0*  =  7’ 

7  ~  -  a*  =  ay  -  a“  -7^  +  17, 


'X  'y 


The  two  branches  of  f  =  7^  are 

=|(k2 


r“  ■|(k-  -!>->-«=  I  c"‘'“|.*-'>.-|(k--|)2|.a:| 


where 


fln  =  tan 


-I 


A/o/ig  1 1  a  =  X  -  le  (see  Figure  10).  Let  x  >a|,  then 

■>  2  ">  ■* 

7  =  a,  -  =  ay  -  X*  +  f‘  +  i2ex 


r  =  V(x^  -  (a^  +  €^)|^  +  (2  ex)^  »  x^  - 

•  I  2ex 


.1  I 

ej  =  tan  '  —  =  tan'' 

'*'*  -  (ay  +  f‘) 


:fx  .  . 

2  .  4.  ,2,  *  -  a? 


flp  -  w  -  e»  *  » 


nM 


Therefore,  the  branch  for  f 


=  b  potentially  either  represented  by 

e*2  =  +  i(x“  -  branch  k=o 


or  by 


(x“ 


i4(»*2») 

e  -  =  -  (x 


5 


2M 


at) 


o^)^,  branch  k*l 


Since  f  =  >'*  must  have  a  negative  imaginary  part,  we  select  the  second  branch,  (k=l)  as 
the  proper  branch  to  use  in  determining  Tj,  P,,  Pj  and  P4. 

Thus,  the  proper  branch  along  K  is  given  by 


f  =  -  i  (X*  -  a|)'‘  ,  X  >a, 

For  Pj,  a  =  X  -  ie  where  x<  aj.  Tlien 

>  =  o|  -  =  0|  -  (x“  -  i2<x  -  e^)  «  (a|  -  x^)  ♦  i2«x 


On  branch  k=l,  f  =  7 


= 


♦  2») 


*  -  (a?  -  x^  l'*:  X  < 


For  P2,  a  *  X  +  ic  where  x  <0|.  Tlien 

>  =  =  I(oj  +  e^)  -  x^  1  -  i2ex  »  (o^  -  x^)  -  i2ex 


On  bnnch  k^.  f  *  "  ■']  . 


k-).  2 


(4w) 


2iV4 


X  <o 


For  r,.  a  *  e  +  iy 


<  -  i2ry  »  ar  ♦  y‘  -  i2( 


<y 


On  branch  k=l. 


(a*  ♦  yh'^  cl 


la? 


+  y^l 


2iW 


For  r^.  a  =  -  €  +  iy 


■n'i  -  r/.2 
7  W| 


+  y^) 


2M 


.4( 


tan 


-I  2cy 


“1 


I 

'  ss-  (a 


+  y-^) 


2i» 


We  recall  that  in  Equation  (59),  Tj  = 

that  given  by  Equation  (57).  Hence 
integrand  for  each  r^,  we  get 


/ 


where  the  integrand  of  the  integrals  for  all  i  is 


substituting  the  above  results*  for  a  and  {  into  the 


*a  •  iy,  da  •  I4y  for  Tj  and  a  •  a.  da  •  dx  fw  Tj  and  Pj. 
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ri 


r4 


[1  -  (-1)"*  e-*y]  dy 
(y^  +  (y^  +  k^)  (a^  + 

[1  -  (-1)*"  e'*^l  dx 
(x^  -  kj,)  (x^  -  kj)  (af  -  x^)^ 

[I  -  (-!>"*  e‘»*l  dx 
(x2  -  kj,)  (x2  -  k2)  [-  (a}  -  x2)^l 


(1  -  (-I)"*  e  »yi  dy 
(y2  +  k^)  (y2  +  k^)  (-  (a]  +  y^)^! 


(60) 


Thus,  with  the  vanishing  of  the  simple  poles  and  the  combining  of  r2  and  r3  as 
well  as  Pj  and  r4.  Equation  (59)  reduces  to 


P  (I,(P)1  =  -  (P,  +  r2  +  r3 


+  P4) 


=-2pf 

Jo 


[(-(-O'"  cos  axl  dx 


(x^-k^ 


m 


)(x2-k2)(a?-x2)^ 


I 


[l-(-l)‘"e  »y]  dy  _ 
(y^+kj,)(y^+kj)(a}+y^)^ 


Ul 


(61) 


(-I)"*  sin  ax  dx 


(x2-kj,)(x^ 


-k^)(o}-x2)''^ 


Since  k^,  k^  >k  >0,  or  k^,  k^  »aj,  then  in  the  first  and  third  integrals,  k^ 
and  k„  lie  outside  the  range  of  integration  defined  by  the  limits  o,  a , .  The  principal  con 
tribution  to  these  integrals  comes  from  the  region  x  -•  a  j .  Hence  for  k^ ,  »  o  j ,  the 

first  integral  in  Equation  (61)  is  approximated  by 


I 


(k2,^5xk5-<.?) 


a.  Ui 

/ip?"-""/ 

•fa 


cos  ax  dx 


(a^-x^)^ 


and  the  third  integral  is  approximated  by 

“1 


(-1) 


m 


(k 


_ p  f  sin  ax  dx 

-aj)  j„(a5-x2)^ 


±11 


-a2)  ^ 

®  1  /  ;  =  n 


(-1)'  (aa,) 


2i+l 


(k^ -af)(k^ -af)  l(2i+l)!l 
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where  in  evaluating  the  integrals  we  have  used  formulas  from  Korn  and  Korn/®  (Equation 
(164)  on  page  942)  and  Gradshteyn  and  Ryzhik-^  (Equations  3.753.1  and  3.753.2  on  page 
419). 

Thus,  with  the  above  approximations,  we  have  for 

Case  2: 


+  2i 


P|l,(/3)l  =  IP  k) 


-»r  (1  -  (-1)*"  (aa,)! 

<  --T» 


I 


[1  -(-l)m  e-ay  I  Jv 


(y^  +  kj,)  (y^  +  k‘)  (aj  +  y“)^ 


Is 


(-1)'""'  (aa,) 
l(2i+l)!|' 


(62) 

2i+l 


We  now  turn  our  attention  to  Case  I  for  which  the  branch  points  lie  on  the  positive 
and  negative  imaginary  axes.  Since  k,„,  k^  >  k,  m  xi\,  and  m  +  q  are  even,  the  branch 
points  and  cuts  and  locations  of  the  poles  are  shown  in  Figure  9  (Case  1)  and  the  integra¬ 
tion  contour  is  shown  in  Figure  II.  Application  of  the  Cauchy  residue  theorem  (in  a 
manner  similar  to  that  for  Case  2)  yields  for  Case  1  (^  £  -k,  0  >k)  the  following  integral 
form  for  Equation  (57).*  Again  the  residues  for  the  simple  poles  shown  in  Figure  1 1 
vanish. 


Case  1 ; 


P(ll(0)l  =  ip  =  -  (r,  +  r2)  =  +  2i 


OC 

L 


[1  -  (-1)'"  e-^y)  dv 


(y^  +  k^^)  (y2  +  k^)  (y2 


where  a',  =  -J  (3^  -  =  iJ  =  ia , 


a,  = 


“1 


a't  ■) 


2^/4 


(63) 


We  observe  that  for  Case  1,  P[1|03)J  is  purely  reactive,  i.e.,  imaginary. 

To  summarize,  we  have  reduced  Equation  (57)  or,  equivalently.  Equation  (56b),  to 
two  expressions  given  by  Cases  1  and  2  above  corresponding  to  two  different  values  of  0. 
Thus,  we  have  reduced  that  part  of  Equation  (54)  which  involves  integration  with  respect 
to  kjj  (  =  a)  to  two  expressions.  Further,  the  limits  for  the  two  corresponding  integrals  for 


•Note  that  the  path  is  identical  for  Pj  in  Figure  II  and  P^  in  Figure  10  and  that  the  path  for  P|  is  also  identical  in 
both  Figures.  Hence  the  results  for  P^  and  P|  in  Equation  (60)  apply  here  if  wc  replace  the  integral  limit  o  by  a'j  and 

tlic  integrand  vanable  aj  by  -a'j  ,  in  accordana-  with  the  position  of  the  branch  point  in  Figure  II.  With  the  preceding 

changes,  combining  P^  and  P.  in  F.quation  (60)  yields  a  result  for  P|l|  (/J)|  analogous  to  the  second  integral  in  Equa¬ 
tion  (61). 
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(a*  -y^-lc*  ■  -  ia,;  from  Popi^) 


i\,iiiv  1 1  -  Caw  I  IntcgnlkHi  Contour:  k  >k  >k 

* 


ky(=0)  now  representing  Equation  (54)  must  conform  to  the  corresponding  ranges  for 
required  for  Cases  I  and  2.  With  these  considerations.  Equation  (S3)  together  with  (54)  is 
written,  with  ky-*^,  as 


Jmnqr  f  LH-D"  cosb/3|  +  f  ^ 


-l)"cos  bg| 


ip(/}:Kk)d(} 


(64) 


Equation  (64)  represents  the  basic  working  expression  for  evaluating  the  intermodal  coupling 
coefficients.  The  coefficients  are  evaluated  for  plate  wavenumbers  above  and  below  the 
acoustic  wavenumber  k. 

Our  immediate  objective  is  to  determine  the  radiation  component  and  reactive 

component  of  the  half-space  coupling  coefficient  for  all  the  possible  combina¬ 

tions  of  (self-  or  cross-coupled)  modes  that  exist  in  wavenumber  space.  Tlie  modal  classifi¬ 
cation  scheme  for  illustrating  the  location  of  the  modes  in  wavenumber  space  relative  to  the 
acoustic  wavenumber  is  an  extension  of  that  presented  by  Maidanik.-^*  Appendix  F  indicates 
the  general  relationship  between  J?*"*!'  and  the  radiation  coefficients 

^  i\  A  iTini|i  innui 

derived  by  Davies  ^  and  presents  a  comparison  of  the  corresponding  analytical  results  derived 
here  and  by  Davies  for  these  quantities. 

I.  Edge  Modes 

(a)  Two  Y-edge  modes,  k^.  k^>k.  k^  =  k^<k 

The  modal  classification  scheme  for  the  case  k^,  kq>k,  k„  =  kj<k  is  shown  in 
Figure  12a.  We  use  the  following  approximation^^ 


I  -  (-1)"  cos  b  g 

(^2  .  kj)  (^2  .  ^2) 


(65) 


When  Equation  (65)  is  substituted  into  (64)  with  jS  =  k„  =  kj<k,  only  the  second  term  of 
Equation  (64)  is  applicable.  The  result  is 


_  2  i  kn  k^  k„ 

jmnqn  _  n  tn  q 


(66a) 


where  (k„:k|^<k)  is  given  by  Equation  (62)  with  =  k2  -  /j2  -•  k^  -  k^. 
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Tlius. 


Note  that  the  first  term  of  this  equation  is  imaginary  and  the  last  two  terms  are  real. 

To  complete  tlie  solution  for  we  evidently  require  the  solution  of  the  inte¬ 

gral  in  Equation  (66b)  which  is  represented  as  the  sum  of  four  integrals 


OO 

+  f - ^ -  -  (-I)"’  f dy _ 

A  ‘‘n.)  (k2  -  1(2  +  y2)^  jf  (y2  +  ^2^)  (y2  +  ,,2)  (,^2  .  ,,2  +  y2)'d 


mf  _ _ 

A  ^  (y^  kq)  (k2  -  k2  +  y^)’' 


For  the  first  and  third  integrals  on  the  right-hand  side,  0<y<k,  whereas  for  the  second  and 
fourth  integrals  on  that  side,  k<y<"«'. 

Now  for  the  first  integral,  0<y<k<  k„^<kjj.  Therefore,  both  y2  +  k^»>k^  and 


y2  +  k2%k2  lie  outside  the  region  of  integration.  Hence,^^ 


I  (y2+k^)(y2+k2)(k2-k2+y2)^  kj^k^  (k2-k2+y2)’^  kj^k^ 


4W) 
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k-’  -  JZtZT  ZT 

in  partial  fractions*  '  '‘n  *  i”  •  '*  k  Hcncc.  expanding  the  approximate  integrand 

in  partial  fractions*  and  integrating  term  by  term  yields 

OO 

/*  ^ 

i  <y^<Ky'*k5)y  ’  ^^jff 


lini 


__  J^‘,+y-) 


liin 


1  ->  I  y-»oo  -)  I  y_»o 

ln(k‘+y-)  (y 


In  y 


lim 

ly^ 


k“  k- 

“niSlk 


_  lim 

y«oo 


r.  -  '"y~  Iny-  1  1 

,fl''«k-,*k-|  ln(kj+k-)  I  1 
b'‘;,(k^-k2,^kJ<k2.g:,-;i^ji"kJ 

wlierefortheupperliniitonlywehavetakenkj,  *y2.y2andk:i*v2~„2  i  ,  t 

factonng  on,  a  In  y,  and  using  a  common  denominator  for  Z  remaning 
bracket,  we  find  that  this  bracket  vanishes  and  the  result  is 


i: 


jbL 


(y2+k2,)(y2+k2)y  j.2.^2 


[4 


In  (k2  +k2)-_L 
2k2 


In(k2+k2)j. 


— — X  in  k 
k2  k2 


(68) 


1 


I 


^  c  ^ 


(y  +k^)(y2+k2)y  (y>ik„)(y.ik^)(y*ik^)(y.ik^)y  y.jk^^  y.ft^ 


—  +  — 


T  H 

MuJtiplying,  in  turn,  each  side  of  the  bst  two  euinfirtn*  Ks,  fk  a 

equations  at  the  root  of  the  denominator  under  considcraLn.  wS  A=B= 


-I 


2k  2  (k2q(2  ^ 

m  q  m 


.C=D> 


-1 


,  K  = 


k^k^ 
m  q 


For  the  llurJ  and  fourth  integrals  on  the  nglit-hanJ  side  of  the  unnumbered 
equation  preceding  Fquation  (67).  we  expand  e‘*7  =  I  -  ay  +  ...  .  Here  e'*^  is  approxi¬ 
mated  with  suCTicient  accuracy  by 


e»y 


I  -  ay  ay <  I  or  y<|^ 

o  ai  >  I  or  y  >- 
a 


For  the  region  of  integration.  y>k  or  ay>ak.  Hence  if  ak>*,  then  ay>ir  and  consequently 
by  the  foregoing  approximation  for  e'^^.  the  fourth  integral  vanishes  and  the  third  integral 
IS  wntten  as  the  sum  of  two  terms,  the  second  of  which  also  vanishes  because  of  the  above 
approximation.* 

Thus. 


k  ' 

_ c  *^dy _ _r^  _ (l-ay)dy 

(y-+k^Hy‘+kjHk--k*+y*)^  ^  (^‘+k-,Ky‘+kJ)(k--ki;+y-)^ 


k  fd 

J\  (y‘+kS,Hy‘+kjHk“-k*+y‘)^ 


-  a 


-(k^-k^)^ 


(69a) 


where  we  have  used  the  Dwight  tables-^'^  to  evaluate  the  integrals  leading  to  Fquation  (69a). 

Equations  (67).  (68).  and  (69a).  which  are  all  real  quantities,  arc  now  combined 
and  substituted  for  the  integral  in  Equation  (66b)  to  complete  the  solution  of 
Equating  the  real  and  imaginary  parts  of  =  jmnqn  ^  j  jmnqn  by  Equation 

(5S)  to  tliat  given  by  Equation  (66b).  including  the  above-mentioned  substitution  for  tlie 
integral  in  this  equation,  we  get 


jmnqn 


■*(k'  -k')(k‘  -k*) 

■’*mn^  "^qii  *  ' 


(69b) 


*('lca>K  VIM  tMil)  Ihr  fmi  murial  imi  Ihr  nfhl  luiia  i«lc  irf  tlw  I»IIii»Mi;  n|iuliiin  >it<uiR>.  thrn  »f 

ay<  l<  aS  l>if  Ihn  mlc(tal 


imnqn  _  ~b 


-(-ly 


m 


I'f^) 

lii 


*;dTr,  Ik^"(k5,*k^)-k5,'"(k5l‘^)l 

2<k,-ki,)  ^ 


1^2  |j2 


(kL-k^»<k^n-k^) 


OO 

z 


1=0 


[(2i+l)!)- 


(69c) 


where  k„,„  =  (kj,+k“)^,  kq„  =  (k^+kj)’^ 


Some  special  cases  for  the  previous  results  are  now  presented. 

(1)  In  the  limit,  k^  =  kj«  k 


jmnqn  ^ 


-b  k^k^  [1  -  (-1)'"  Jo  (a  k)) 

2(k2,-k2)(k2-k2) 


since  (a \lk^-k^)<\,  Jg"’9n  is  always  negative. 

(2)  In  the  limit,  k,,  =  k,  «  k  and  k„,,  kjj»  k 

-b  11  -  (-1)"’  Jo  (a  k)l 


jmnqn  _ 


2k  k 


(3)  In  the  high  frequency  limit,  a  k  »  n,  Jo  (a  k)«  1  the  foregoing  case  reduces  to 

imnqn_^  '6 

2k  k 

(4)  In  the  limit,  kq>k^,  k^  »k^,  k^  sufficiently  small  so  that  k^-k^^k^  and  observing 

that  --<k 
a 

jmnqn  _  ^  j  +  (.jjm  ^ 

’''^m*^q  k-  k  J 


7K 


k  ~  ka  ■  sufficiently  large  values  of  m.  the  first  term  in  the 

bracket  will  predominate.  In  this  case 


t'  *^'^1 

For  two  x-type  edge  modes  with  k„.  k,>k.  k^  =  k^<  k.  tquations  (71)  (72)  hold 
with  tn**n.  q-**  r.  and  a*»b,  i.e.,  symmetrical  results  obtain. 

(b)  Two  Y=cdge  modes,  ^ 

This  case  is  shown  in  Figure  1 2b.  The  delta  function  approximation  given  by 
Equation  (65)  shows  that  for  k„  f  k^  the  vanish.  Hence. 


jmnqr^  jmnqr^^  for  n  ^  r  (69d) 

(c)  Two  Y-edge  modes.  k^=  >k.  k^=  k^<  k 

This  case  is  shown  in  Figure  12c.  From  Equation  (57)  (which  is  equivalent  to 


Equation  (56b)),  with  =kj^. 


/**11  -  (-ir  e'^'^l  da  _  /•” 

1^^'  "  I  — i — —A~  / 


11  -  (-1)"’  e'^^l  da 


^  (a+k,„  )“(a-k„^  )-(k“-a“-U“  )'^ 

Following  a  procedure  similar  to  that  which  led  to  Equation  (59)  except  that  the 
poles  at  ±  k^  and  ±  k^^  in  that  equation  row  merge,  we  obtain 

l|(0)  =  nil  Res  (k,„)  +  Res  (-k,„)l  -  +  r2  +  r3  +  P^)  (70a) 

where  Res  (±k^^)  represent  second  order  poles  evaluated  as  follows.  Tlie  integrand  for 
l|(/3)  IS  written  as 

11  -(-1)"' 


f(a./3)  = 


(a+k,,,)-  (a-k,,,)-  (k'-a'-rV'^ 


Now  f(a./3)  has  removable  singularities  at  a  =  ±  k,„.  To  find  the  residue  of  the  second  order 
poles  at  a  =  k,„.  let 


Res 


'm 


df(a./’) 

A  /  II  -  (-1)'”  e'““|  \ 

da 

a-km 

da  \(u+k„, )‘  (k"-u“-^“)^/ 

J  a=k 


111 


-la 


4kJ,(k--k>,-/J^)'^ 


II  -  (-1)"'  e'^n")  =  I  -  (-1)-"’  =  0  and  (-1  )'"'♦'  =  0. 


since 


Similarly 


and 


Res(-k^)  = 


/  11  -  (-ir  \ 

da  \(a-k„)2  (k2^2.^2)4j 


a=-k 


m 


“kj,  (k2-k2,-«2)» 


i,»)  =  -(r,trj+r3+r4)  +  ;^ 


ira 


2k^, 


Now  for  the  case  k^=k^,  the  Case  2  solution  for  Equation  (57)  given  by  Equation  (62)*, 
designated  as  iy’‘l(/3;0<k),  is  modified  by  letting  k^  —  k^,  and  adding  the  term  representing 
ffilRes  (kn,)  +  Res  (-kn,)]  which  is 


jra 


2k^  (k2.k^-/j2)^ 


m 


which  is  imaginary  for  |3<k,  k^>k.  Hence 


-ir[l  -  (-1)"’  Jo  (aa,)] 

pii,(0)i  =  « - - 

(k^-ai) 


+2i 


1/ 


[1  -  (-1)*^  e'^^ydy  ^ 

(y2+hj,)2  (aj+y2)^ 


'i2i+l 


r  1  1^^  (-1)'  "’(aaj) 


1)!]' 


ira 


2k2, 


for  k„,=kq 


'm 


(70b) 


where  Uj  =  k?-P^ 

Now  from  Equations  (53),  (54),  (55)  and  (56a)  with  n  =  r  and  P[lj(0)l  =  lY'‘^(0:^<k),  we 
write 


•Equation  (62),  modified  for  k,n=lkq  as  shown,  is  applicable  because  k^,  still  lie  outside  the  range  of  integration. 
Otherwise,  we  would  return  to  the  general  expression.  Equation  (61). 
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i  k  k«,k  k 

pnnqr.Jmnqr  ^  jjmnqr  -  _ <1  ' 


T  fi±±n 


-1)"  cos  b  g] 


)0j2.k2) 


n=r 


_  *  1 2  T  [1  -(-!)"  cosbg] 

I  Jo  032.^2)  (^2.^2) 


(0:/J<k)dp 


n=r 


Hence  for  m  =  q,  n  =  r  (using  Equation  (65)^ 


i  2k^  k^  /  k 

Jinninn  =  jmnmn+ijmnmn= - /J[^\j  s(0-k^)  (0:P<k)d0 

where  Ij’'*  (0:p<k)  is  given  by  Equation  (70b).  Performing  the  integration  on  the  right-hand 
side  of  the  above  equation  with  0  -•k^,  a|  =  Jk^-P^  >/k^-k^  and  equating  imaginary 
terms,  we  get  given  by  S.quation  (69b)  with  q  =  m.  That  is 


„_-bk2  [1 -(-!)»"  (a  ^yi^)l 
^  2  (,^+,,2. ,,2)2 


jmnm 


(70c) 


Equating  real  terms,  we  get  the  reactive  component  given  by  Equation  (69c)*  with 

q  =  m  and  an  additional  contribution  associated  with  the  last  term  in  Equation  (70b)  due  to 
the  second  order  pole  occurring  for  k^=kq.  That  is 


«* 


*We  recall  that  the  quantity  in  quotes  in  Equation  (70b)  includes  an  integral  which  has  already  been  evaluated.  This  quan¬ 
tity  led  to  Equation  (69c)  which  is  applicable  for  n=r  and  m^q.  Hence  when  n=r  and  m-q,  we  append  the  contribution  of 
the  second  order  pole,  given  by  the  last  term  in  Equation  (70b)  to  (69c)  to  obtain  j™*'*  . 


•♦Note  that  for  the  second  term  in  equation  (69c)  is  indeterminate.  We  can  evaluate  this  term  by  writing 


2(kJ.k^)  “ 


Ilc>(kiJ,+  k2).k^ln(k2+k2)l 


k>(ki.*k-‘).k;Lln(k; 


,+k2)  \  k2^.k7 


Li:^ 

+  k^)-k^ln  \  kjL  +  kV 
m  \  m  r 


2»q-''m> 


2(1^) 


kS,  +  k2 


»l*ik„-i  fork^»k2 
m2  "* 


Note  also  that  the  approximation  obtains  because  In  (l-rxiaix,  x<l. 
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1 

2 


-(-1)’ 


,m 


'm 


(k 


mn 


2.1,2^14 


Z 

i=o 


t(2i+I)il2 


4(k2,  +  k2.k2)^ 


(70d) 


where  the  last  term  in  Equation  (70d)  represents  the  second  order  contribution  which  is 
reactive* 

Some  special  cases  for  the  previous  results  are  now  presented 
(1)  For  k„>k,  k„»  k^,  (a  kj  )«  1, 


J 


R 


(2)  ForkJ,^  =k2,+k2  »k2, 


jmnmn 

•'x 


For  two  x-type  edge  modes  with  k„  =  kr>k,  k^  =  kq<  k,  Equations  (70c, d)  hold  with  m-n, 
q'-f,  a^. 


(d)  Two  Y-edge  modes  k^,  k^>k;  k^.  k^<k. 

This  is  the  general  representation  for  two  Y-edge  modes  which  accounts  for  any  com¬ 
bination  of  m=q  or  m^q  and  n=r  or  n^r.  All  of  the  preceding  results  for  two  Y-edge  modes 
are  special  cases  of  this  representation. 


*The  last  term  in  Equation  (70d)  is  obtained  from  the  last  term  in  Equation  (70b)  as  follows.  Let 


|mq 


TTa 


Then 


i  2klk} 
m 


second  order  ^ 
pole  contribution 


second  order  m ^m^^ 
pole  contribution 
>k 


ZlW  «^n) 
0 


-Ap 


m  m  m  m  n  ' 

where  we  have  let  (k^-k^ -k2)^-*.i(k^+k2.k2)^;  see  statement  foUowing  Equation  (58). 
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Generalizing,  Equations  (69b),  (69d),  and  (70c)  for  representation  by  a  single  equa¬ 
tion,  we  write 


jmnqr 


-bk^k„  II  -(-ir  J„  (ajk^-kg)! 


nr 


(71) 


and  generalizing  Equations  (69c, d)  and  (70d)  for  representation  by  a  single  equation,  we 


write 


imnqr _ — 

'  ■  ”kmk. 


In 


'k+  >/2k--kg 
.  k  Vk^-kJ  . 


2(kq-Kni) 


In 


.  m 


\ 


^kL-k^)(k2„-k2)  ^  f^^)!)2 

'  ->/i,2  b2  \  ^*^q  ®mq  *nr 

+  (ln  k^-^)6^q6 

where 

6„^  =  1  for  n  =  r  6„^  =  1  for  m  =  q,  n  =  r 

=  o  otherwise  =  o  otherwise 

For  two  x-type  edge  modes  with  k^,  kj>k;  k^,  kq<k,  Equations  (71)  and  (72)  hold  with 
m*-»n,  q-^-r,  a*-*b. 


nr 


%^mq^nr 

'4(k2,+k2.k2)^ 


(72) 


II.  Corner  Modes 

(a)  Two  corner  modes,  k^,  k^>k;  k^=k^>k 

Figure  1 2d  shows  the  modal  classification  scheme  for  the  case  k^,  kq>k;  k„  =  kj>k. 

If  we  use  the  approximation  given  by  Equation  (65),  then  only  0=k^=kj  will  yield  a  value 
foi  in  Equation  (64).  Thus,  the  approximation  requires  that  ^>k  and  consequently 
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only  the  first  integral  in  Equation  (64),  with  integral  limits  for  0  ranging  from  k  too©  , 
obtains.  For  this  case,  Equations  (64)  and  (65)  give 


Jmnqn 


6(0-kn)  (0:0>k)  d/3 


(73a) 


We  observe  that  since  (0:/3>k)  represented  by  Equation  (63)  is  a  pure  imaginary,  then 
the  6  function  approximation  leads  to  a  null  contribution  for  the  resistance,  i.e. 

However,  since  actually  does  exist  but  is  weak,  we  conclude  that  for  this  particular 

case  the  S  function  representation  is  a  poor  approximation  for  the  left-hand  side  of  Equa¬ 
tion  (65).  Hence  we  discard  this  approximation  and  the  corresponding  requirement  that  0 
be  greater  than  k  only  and  proceed  to  evaluate  the  general  case  kj,,  kj>k  (which  includes 
both  k„  f  kj  and,  as  a  special  case,  k,,  =  k^)  for  which  the  range  of  0  is  unrestricted, 
i.e.,  0  ^  k.  Hence  we  may  now  use  the  second  integral  in  Equation  (64)  to  obtain 


jmnqr 


1  -  (-1)"  cosbg 

(/J^-kJ)  (/32-k2) 


ly’*!  (/3:/}<k)d/} 


k  •Jk^-0^»k 

f  f  H -(-!)"  cosb/31  11 


(-1)"’  cosax)  dxd/3 


(k2-/32_x2)^ 


where  we  have  used  the  first  term  of  Equation  (61)  for  Re  PIIj(0))  =  Re  (0:p<k)l 

with  the  upper  limit  a^  =  Jk^-  0^  «k  for  0<k  or  0^«k^«  kJ,  k^.  Since  all  the 

modal  wavenumbers  lie  outside  the  range  of  integration,  we  have  also  made,  for  this  case, 
the  approximations  /3^-k^~-k^,  0^-k^  ~  -k^,  x^-k^  ~  -k^,  x^-k^  ~-k^.  Tlie  Davies^ 
results  of  integrating  the  foregoing  expression  and  confirmed  through  detailed  evaluation  by 
Leibowitz^  are 


jmnqr  = 


-2k 


I  -(-1) 


m 


sin  ka 
ka 


-  (-1)' 


n  sin  kb 
kb 


-(-1) 


m+n  sin  k 


(73b) 
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For  the  reactive  term,  we  use  the  first  integral  of  Equation  (64)  in  conjunction  with  Equa¬ 
tion  (63); 


.mnar_-^k„k„kqk,  f 

'/•*  [1  -  (-1)"’  e»y]  dy  ] 

*  *2  / 

"  •'k 

jf__(y  2 +k2,  )(y  2 +k2  )(y  2^2 +1^2 

jJp^-k^^O 

1  -  (-O^cosb^ 


d/J 


where  oj  =  0  is  taken  as  the  lower  limit  since  p>k.  For  the  reactive  term, 

however,  we  can  obtain  the  major  contribution  to  the  above  integral  by  using  the  6  function 
approximation  given  by  Equation  (65).  Thus  for  kn=k|.,  the  preceding  equation  becomes 


jmnqr  _ 

*  JT 


-bkmkq 


I 


[I  -  (-))»"  e-^^yj  dy 

(y  ^ +k  Ky^ +k2  )(y  2  ..^2 +1^2 


6ip-k^)dfi6 


nr 


[I  -  (-!)■"  e-^y)  dy 
2+w2  Uv2+i,2vv2_i,2+i,2\>4  nr 


'o  ) 

The  integral  is  identical  to  that  of  Equation  (66c)  represented  and  previously  evaluated  as 
the  sum  of  four  integrals.  Tlie  first  and  third  integrals  of  the  sum  are  respectively  evalu¬ 
ated  to  Equations  (67)  and  (69a)  which  are  approximately  zero  for  0<y<k<k^,  k„,  k^,  k^ 

and  j  .  Tlie  fourth  integral  of  the  sum  has  also  been  shown  to  vanish.  Hence,  the 

r  r 

above  mtegral  /  —  /  given  by  the  second  integral  on  the  right-hand  side  of  Equa- 

•4  •'k  I 

tion  (66c).  Moreover,  since  y2  »  k^-k^,  then,  as  before,  (y^-k^+k^)*^  «  y  and  the  result 


for 


is  given  by  Equation  (68).  Hence,  generalizing 

Jx  =  -  (A+B)  +  C6„,6 


nr''niq 


where 


nr''mq 


A  = 


-b 


I  ' ^k2-k2)  ^'^9  -  km  ^  (k2+k2)]  j 


(74) 


(75) 
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B  =  -fV 

irknk, 


!-lnk 


c  = _ P 

+  -± 

k  1\  a  k  ^  1\ 

4(k2+k2.k2)14 

irk2 

(76) 

(77) 


wheie  the  right-hand  side  of  Equation  (74)  reduces  to  the  first  term  for  n  =  r  or 
n  ^  r  and  m  ^  q,  and  by  symmetry  to  the  second  term  86^^  for  ir  =  q  or  m  ^  q  and 
n  ^  r.  and  to  the  fourth  term  a„,6„q  for  both  n  =  r,  m  =  q  or  n  r,  m  ^  q.  For  this 
last  case,  we  have  a  second  order  pole  at  k^  =  k^  which,  as  previously  shown,  yields  the 
contribution  given  by  the  first  term  on  the  right-hand  side  of  Equation  (77).  In  addition, 
for  this  case  (k^  =  k^,  k^  =  k,),  both  Equations  (75)  and  (76)  are  indeterminate.  They 
respectively  evaluate  to  the  second  and  third  terms  given  in  parentheses  in  Equation  (77) 
as  shown  by  the  footnote  to  Equation  (70d). 


III.  Y-Edge  -  Acoustically  Fast  (AF)  Modes 

Figure  12e  shows  the  modal  classification  scheme  for  the  case  k^,  k  ,  k  <k;  k  >k. 
We  consider  two  cases  I k|  and  0<|k|.  n  r  q 

Case  1  -  &  >|kl :  The  appropriate  contour  of  integration  is  shown  in  Figure  13  with  simple 
poles  at  a  =  ±kn,,  a  =  ±kq.  Again,  the  real  integral.  Equation  (57),  is  .'eplaced  by  the 
contour  integral,  As  before,  integration  in  the  a-plane  over  the  contour  yieiJs  Equation 
(63),  i.e..  Equation  (63)  is  applicable  for  ^>lkl  because  the  second  term  in  Equation  (61) 
is  unchanged  for  k^<  k.  Thus 


Ijnq 


(0:0  >k)  =  +  2i 


_  [1  -(-1)'^  e-^^yi  dv 

(y  ^  +k2,  )(y  2  +k2  )(y  2  -a  'j  2 


(78) 


CaseJ — g<  Ikl :  We  treat  two  regions  for  0  corresponding  to  two  different  regions  for  a,. 

(1)  Suppose,  o<a|  =  <  k^;  see  Figure  14.  Then,  Jk^-k^<  0<k 

Obviously  integration  in  the  o-plane  over  the  contour  given  by  Figures  14  and  10  yields 
the  same  results.  Hence, 


If*!  (0-0>  /k2-k2,  ) 


=  15"**  0J:/3<k) 

k,„<k 

kq>k 


=  r.h.s.  of  Equation  (62) 

k^>k 

kq>k 


(79a) 
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(2)  Suppose  k^<Oj  =  <k;  see  Figure  15.  Then  o</J<  and 

Ij"'!  (fi:0<  vk^-k^  is  determined  by  integration  over  a  contour  encircling  k^  and  oj  as 
shown  in  Figure  15.  Thus,  in  analogy  with  Equation  (59), 

i;"9  m<  N/k2-k2  )  = .+  i  [  Res(-kq )  +  Res(-k„  )1  +  ffi  IRcs(kq)  +  Res(k^)I  -(r,  +r2) 
But  for  k^  ^  kq 


Res(-kq)  =  Res(-k^)  =  Res(kq)  =  Res(k^)  s  o 

Hence 

(0:0<  v/k^-kj,  )  =  -  (r,  +  Tj) 

We  now  deform  the  contours*  in  Figure  15  to  the  one  shown  in  Figure  16.  Applica¬ 
tion  of  the  Cauchy  theorem  to  this  contour  gives  (note  that  here  Tj  includes  the  integral 
contributions  for  the  path  above  the  x-axis  running  from  y  =  »  to  x  =  oj ;  r2  includes  the 
integral  contribution  for  the  path  running  from  y  =  «>  to  x  =  oj  but  approaches  a|  along 
a  path  below  the  axis. 


r 


1  “ 


+ 


[1  -  (-i)'"  e’^y]  dy 
(y2+kj,)(y2+k2)(aj+y2)^ 

[1  -  (-1)"^  e'^^1  dx 
(x^-k^Xx^-k^Xa^-x^)^ 


[1  -  (-!)»"  e‘=»^l  dx 
(x^-k  Xx^-k^Xof  -x2 


[1  -  (-I)'”  e*’*^]  dx 

(x2-k^Xx2-k2)(a2.x2)5^ 


We  observe  that  the  first  integral  on  the  right-hand  side  is  identical  to  the  first  of 
Equations  (60)  and  the  sum  of  the  following  three  integrals  have  the  same  form  as  for  r2 
in  Equation  (60).  In  the  limit  as  p-*o,  the  contribution  of  the  third  integral  for  the  pole 
at  k^  is  -rri  Res  (k^)  (due  to  the  negative  sense  of  the  integral).  But  Res  (k^)  =  o.  The 


contribution  of  +aj  has  previously  been  excluded  from  the  integral  since 


o. 


•Res  Res  and  the  oontoui  integrals  around  ±Oj  make  no  contribution  to  the  contour  integral.  Hence  we 

can  conveniently  exclude  the  points  -kjjj,  -k^,  -a  in  the  upper  left  hand  plane  of  the  deformed  figure  and  ignore  the 
contributions  of  +kj||  and  tOj  in  the  following  integral  for  Fj.  Note  that  the  path  of  the  branch  cut  for  the  deformed 
contour  runs  from  iooto  o  on  the  imaginary  axis  and  from  o  to  Uj  on  the  real  axis. 
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The  contribution  of  the  second  and  fourth  integrals  are  combined  so  that 


rK-p 

Jo 


I"  - f 

"'Jo 


K-^P 

Hence,  as  p-*  o 


where  the  principal  value  Pi.  excludes  the  pole  at  x  =  k„. 

m 


r  =.i  f  n  -( 

'  Jo 


-  (-ir  e-^yi  dy  .  p 


Ky^+k^Xy^+o})'^ 


Using  similar  reasoning  for  r2,  it  follows  that 


/*“*  [1  -  (-ir  e*^*^ 

X  (x2-k2)(x2-k2)(a2 


JiL 

2-x2)^ 


r,+r2 


=  -i  r^...Hre-ay]dy  p 

Jo  (y^+k2,)(y2+k2)(a2+y2)V4 


2[1  -  (-!)■"  dx 
(x2-k2,)(x2-k2)(a}-x2)'^ 


Note  that  for  r2,  the  form  of  the  last  two  integrals  of  Equation  (60)  are  applicable.  Thus 

4  (y^+k5,)(y2+k2)(af+y2)^ 


-Pu 


m 


[  2[1  -( 


l)m  giax) 


)(x2-k2)(a|-x2)’^ 


(79b) 


where  P|^^  indicates  the  principal  value  of  the  integral  with  respect  to  x  =  k^. 


m 


Substicuting  the  contributions  given  by  Equations  (78)  and  (79a, b)  into  Equation 
(56a),  we  represent  I  as  the  sum  of  three  integrals  with  respect  to  p.  The  integral  limits 
for  each  of  the  component  integrals  are  selected  in  accordance  with  the  several  arguments 


for  1^9.  Thus 


1  =  :/ 
Jo 


'-(-ly  cosbc  j 

O?2-k2)(02.k^  '  '  ni/ 


+  2 


r 

I  1  "  (-1)"  cos  b 


^  If*!  (f:e>A^-kl) 
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+  2 


r  'r  -w 

Jfi,  W^-kJXd^-k?)  ' 


r  f 

=  2  /  I  -  <-lf  ^b(l  ,  f 


2[1  -  (-I)”  e«y]  dy 
(y  ^ +km  )(y^ +k2  KoJ +y  2 


-Pu 


•m 


/ 


I 


2[1  -  (-ir  e 


(x2-k2,)(x2-k2)fa 


e!^  d^  +  2  /* 

fa}-x2)^J 


-ir[l-(-ir  yai)] 


2i  !  /“”[!-  (-O'"  dy  1  ^ 

U  (y^+>^m)(y^+k5)(a?+y2)^  (k2,^2)(k2^2)  ^ 

2  f  1^^-irco.bp  L  f 

X  tf2.k2)o,2.k2)  J  (y2+k2^)(. 


(-I)‘+"’  (aa,)2«+l| 


•1)»"  e  ’^y)  dy 


,)(y^+k^)(y^-a*,^)' 


I(2i+l)!l- 


dp 


dp 


(79c) 


where  a,  =  v/k^^  ,  a'j  =  Jp^-k^ 


It  is  clear  from  Equations  (53)  and  (55)  that  the  real  and  imaginary  quantities  in 
the  above  equation  respectively  produce  the  radiation  and  reactive  components,  and 

jmnqr^  of  Before  determining  these  components  from  Equation  (79c),  we  first 

establish  two  simple  but  significant  results  that  will  simplify  the  analysis. 

(a)  Let  kn  ^  k,<k.  Then 


ly’*’  (P:P<  'K^)  (p:p>  >/k2-k2) 

where  o<p<k. 

(b)  Let  kn  =  k,<k.  Generally,  k2^+k2<k2  or  k„<  A^-kJ,.  But,  for  k^  =  k^  the 
second  integral  of  Equation  (79c)  requires  that  k„>  '/k^-k^  which  is  contradicted  by 
the  general  condition  k„<  A^-k^  .  Hence  the  second  integral  cannot  exist  for  k„  =  k^. 

With  these  results,  we  now  proceed  to  evaluate  from  the  real  parts  of  the 

integrals  in  Equation  (79c).  We  observe  that  the  real  parts  of  I}"9  (p:p<  A^-k^), 
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lyfl  {p:fi  >>/k^-lc^)  are  slowly  varying  functions  of  ^  which  can  be  taken  to  be  constant 
in  the  neighborhood  of  the  peaks  of  ~  ^  2^2^  gg^ount 

(0  \)(0  -kf) 

for  the  msyor  contribution  to  for  n  r.  Also  the  function  varies  rapidly  with 

P  and,  approximately,  is  equally  positive  and  negative  for  the  entire  range  of  p.  Hence, 
Rg(I)  =  o  for  k„  f  kj<k  and  from  Equations  (53)  and  (55) 

jmnqr  «  q  for  n  =/  r 

Since  the  second  integral  in  equation  (79c)  is  not  possible  for  k„  =  k^,  then  using  the  teal 
part  of  the  flrst  integral. 


Re  (I) 


Jo 


^  2k2  I 


Rt[m{p:p  <Jk^-kh]  6(0-kn)d0 


2[1  -  (-1)*^  cos  ax)  dx 
(x2-k2^)(x2-k2)(k2-k2-x2)’^j 


where  0  -•  k„  < Jk^-k^, . 
Consider 


•m 


/2[1  -  (-1)*"  cos  axl  dx  ^  lim 
(x2-k2)(x^ 


r^tfi  ^  -tt  I  1 1  ^ 


I cos  ax i  ax  _  am  i  2[1  -  (-1)*"  cosax)  dx 

2-k2)(k2-k2-x2)^  (x2-k2j)(x2-k2)(k2-k2-x2)’^ 


Jrvx  - 

I 

I, 

■^m+p 


2[1  -  (-1)"'  cos  ax)  dx 
(x2-k^  )(x2-k2  )(k2-k2-x2  )^ 


The  first  integral  on  the  left-hand  side  evaluates  approximately  to 


lim 


(k2,-k2),k2-k2-k^)» 


J  o 


dx 

x2.k2 

*  '^m 


-(-1)' 


^m“^  . 

ni  I  cos  ax  dx 


I 


x2-k2 
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We  obtain  the  principal  value  of  the  second  term  of  the  preceding  equation  near  x  = 
p— o 


lim  (-ir 
p— o 


Jo 


im  cos(k^-p)a  I 

Jo 


dx 

x2-k2 


Hence 


and  similarly 


=  (-1 )  cos  k„  a  lim 


dx 


f" 

lim  / 

Jo 

r^m-p  ,  , 

=  lim  /  ^  ^ 


=  (-1)^"’  lim 


r^m'P 
lim  / 

j-*oJo  > 


dx 

x2-k2 


m 


rK-p 

lim  / 

P-o 


2[  1  -  (-I)*"  cos  ax]  dx  ^ 
(x2-k2,)(x2-k2)(k2-k2-x2)''^ 


lim 

p-^ 


/  2[1 


-  (-1)*"  cos  ax)  dx  ^ 


(x"-k^)(x2-k2)(k2-k2-x2)^ 


as  O 


Thus  there  is  no  contribution  to  the  principal  value  of  the  integral  from  the  pole  at  x  =  k^. 
Since  x  =  k^j  lies  outside  the  range  of  integration,  it  also  produces  no  contribution. 

There  remain  only  the  contributions  from  the  square  root  singularity  at  x  =  N/k^-k^.  Thus, 
the  original  principal  integral  is  rewritten  as 


(k2-k2-k2)  ‘’•‘m 


We  first  show 


I 


dx 


(x2.k^)(k2-k2-x2)5^ 


-  (-1)' 


m 


i 


m 


i 


dx 


(x2-k^)(k2-k2-x2)^ 


=  o 


cos  ax  dx 


(x2-k^)(k2-k2-x2)'^ 
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Now  we  treat  the  integral  as  improper  at  x  =  because  this  point  lies  within  the  region 
of  integration*  and  we  wish  to  exclude  this  point  from  that  region.  Since 


2  1  '* 

*  -•'m 


_=l 

2k 


m 


(x+k„  ■  x-k„) 


we  have 


'm 


a 

L 


dx 


-1 


(x^-k^Xa^-x^)^  2k^ 


a 

I 


dx 


a 

-I 


dx 


(x+kn,Xa5-x2)’^  (x-k^XaJ-x^)^ 


The  first  integral  need  not  be  treated  as  improper  since  x  =  -k^,  lies  outside  the  range  of 
integration.  Hence 


2k 


m 


a 

I 


dx 


(x+kj„Xai-x^)^ 

Now  from  Peirce^^ 


k^-6 

f. 


dx 


(x-k^Xaj-x^)^ 


Jk^+e 


dx 


(x-k^Xo?-x2)^ 


where 


1  2k  +  gu-2b*  >5x 
JT  V 


X  =  a  +  bx  +  cx2  v  =  a'  +  b'x  q  =  4ac-b2  0  =  bb'-2a'c 


k  =  ab'^  - 

abb'  +  ca'2 

For  the  first  integral, 

a  = 

or 

II 

O 

o 

II 

1 

b'  =  1  V  =  k^+x 

q  =  -4a^ 

^  =  2k„  k  =  a2-k^ 

X  =  a2-x2 

*Smce  X  =  lies  in  the  region  of  integratioi:.  the  quantity  ~Z — ^ 

x  -•‘1, 

m 


should  not  be  placed  outside  the  integral  if  a  precise 


integration  is  desired. 


c  =  -l 


For  the  second  and  third  integrals, 
a  =  b  =  0 

a'=-kn,  b'=l  v  =  -k„+x 

q=-4a2  0  = -2k^  k=a2.k2 

X=a2-x2 

Hence  the  foregoing  principal  value  is 


The  first  and  fifth  terms  cancel,  and  the  second  and  fourth  combine  to  give  -log  (-1).  The 
third  and  sixth  terms  are  indeterminate  as  o,  so 
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« lim 
c-*o 


f 

• 

/-I  \  /  1  \ 

-ln(-l)+ln- 

2(a2-k2)  +  2k„,-2 

>f-k2,)[«2.(k„-.)2|  ( 

K/  il-HU 

2(a2:k2).2k„.-2  ^ 

/(a?Hc2)la2Kk„+02l  j 

1 

We  expand  the  square  root  in  a  series  and  obtain 


^2(“i-kS,)  +  2k^e-2a,(aJ-k2,) 

f-il 

(Kn-A 
\  “1  1 

I-..: 

^2(aJ-k2  )-2k^e-2a,  (aj-k2  ) 

['-2  (''"''1 
L  2  \  ; 

1-..: 

•o  as  e-»o 


a 

Note  that  had  we  placed  the  term  “JTT  outside  the  integral,  with  x  equal  to  the 


square  root  singularity,  then  we  would  have  obtained  an  integral 


f  _ ^ 

Jo 


x2)»  2 


instead  of  zero  as  obtained  above  for 


1 


2  2  integral.  The  result  would 


'm 


be  an  approximation  similar  to  that  obtained  in  the  evaluation  for  k^,  k  >k. 
Now  consider  ^ 


m 


-(-1) 


iHl 


2  cos  ax  dx 


Again  k^  lies  outside  the  range  of  integration  and  since,  as  previously  shown,  there  is  no 
contribution  from  the  pole  at  x  =  k^^^  (also  there  is  no  indeterminancy  from  at 


x^-k^ 


X  k^)  the  above  integral  is  written,  as  an  approximation,  with 


■z — r  now  appropriately 
x"-k^ 

placed  outside  the  integral  where  x  equals  the  square  root  singularity.  Thus,  the  integral 
is  written  as 


s/k^-kj 

_ -2  (-1)*^  f  cos  ax  dx 

(k2-k2,-k2)(k2-k2.k2)  j  (k2-k2-x2)14 

•'o 
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which  evaluates  to 


-ml 


m 


(k2^cj,-k>2-k2-k2)  2  o 


Jn  (a 


^/i^) 


Hence 


Re  (I)  =  ^ 
2k 


b  f _ -M-JII _  JL  j  .a  [^2]] 

2  [(k2-k2  ^2xk2.,U2,  2  Jk  k„]J 


and  from  Equations  (S3)  and  (SS) 


jmnqn 


(-I)*"  kmkg  b 

2(k2-k2,.k2)(k2-k2-k2) 


Jq  (a  Jk^-kl) 


for  k„=k,. 

Tlierefore,  in  general  for  a  Y-edge  and  an  AF  mode  with  k^,  k^,  k^,  <  k;  kq>k 


jmnqr  , 


(-»)*"  b 

2(k2.k2„.k2)(k2.k2.k2) 


Jq  (a  7k2-k2) 


nr 


(80) 


We  now  evaluate  the  reactive  component 

For  k„  ^  kj<k  since  I  {"‘I  (0:0<  Vk2-k^)  J  k^-k^),  then  the  sum  of  the 

imaginary  parts  of  the  integrals  in  Equation  (79c)  is  written 


Hence 


k 

Jm(l)  =Jlni  2  f  ‘  •  <•'/  If"!  (S:Kk) 

«2-k2)(^2-k2) 


+  Jlm  2 


-  (-1 )"  cos  b  p 

(P^-kl){0^-kj) 


If  9  (p:0>k) 


»o  for  n  ^  r 


Jfnqr  former 
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Note  that  the  first  integral  in  the  preceding  equation  is  approximately  zero  for  the  reason 
previously  discussed  i.e.,  because  is  a  slowly  varying  function  of  0  and  1^^  is 

approximately  equally  positive  and  negative  over  the  range  of  p.  The  second  integral  is  even 
smaller  than  the  first  because  k„,  k^<k  and  k<)3<  <»  for  this  integral. 

Since,  as  previously  shown,  the  second  integral  in  Equation  (79c)  does  not  exist  for 
k^  =  kp  then 


-■I’  L 


1^. 


m 


^  6  (0-k„)  If  9  (p:p<  Ik^-k^)  d0 


6  0?-k„)  If  9  m>k)  dp 


But  the  last  integral  is  not  possible  since  k„  =  kj<  Jk^-k^<k  and  0— k„<k  which  con¬ 
tradicts  the  requirement  for  the  last  integral  that  p>k.  Hence  we  obtain  from  the  first 
integral  of  Equation  (79c) 


I  jjf 

=  £b(f _ U-(-l)ni  e-ayj^iy _  f 

•‘n  (Jo  (y^+k2^)(y2+k2)(y2+k2.k2)^ 


_ [l  -(-l)'"e  «y]dy  ,  p  _ 

(y^+kJ,)(y^+k2)(k2-02+y2)14  k^  (x2-k2^)(x2-k2)(k2-02.x2)V4 


\ 

i 


7i^ 


(-1)*"  sin  ax  dx 


(-1)*”  sin  ax  dx 


kj  j  j (y^+kj,)(y2+k2)(y2+k2.k2)>4 

f  (-ire^ydv _ 

J  (y^+kj,)(y2+k2)(y2+k2-k2)^ 


(x2-k^)(x2-k2)(k2-k2-x2)^ 


^  (y^+kj^)(y2+k2xy2+k2-k2)5^ 


(-I)”’  e'^y  dy 


(y^+k^)(y^+k^)(y^+k^-k^)^  (y^+k^)(y^+k2)(y2+k2.k2)54 


I 

J  n 


(-l)*”  sin  ax^x 


(x2-k2j)(x2-k2)(k2-k2-x2)^ 
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We  evaluate  each  integral  of  the  preceding  equation  as  follows: 
(a)  for  o<y<k:  <k<k 


/ 

•'o 


1 


(y^+kS,)(y^+k5)(y2+k2-k2)^  kj  j  (y2+k2^)(,j2.,^2+y2)V4 

o 

k 


k 

/ 


JL. 


1 


I 


dy 


1 


In 


'kt  J2k^.ki  \ 
,  / 


from  Equation  (67). 
(b)  for 


00 

I 


Jl. 


(y^+k^  )(y2+k2)(y2+k2.k 


5)"  “/ 

Jv 


M. 


(y2+k^Ky2+k2)y 


1 -  1—1 - In  ri-2  4.1-2\ _ ! _  In  (\r2x\,'2-\ _ I 


k2.k2  2k2  "■  '  2k2  ■"  '•'q  ''  '  ^2 


In  (k^+k^)  -  -V  In  (k;^+k^)  -  Ink 


from  Equation  (68) 
(c)  for  o<y<k 


C 

/ 


e'^y  dy 


(y2  +k2  )(y 2 +k2  )(y 2  +k2  -k^ 


2)!4  *  / 
Jn 


(1  -  ay)  dy 


(y^+k5,)(y^+k2)(k2-k2+y2)>4 


q  ^ 


(1  -  ay)  dy 


(y2+k2^)(k2-k2+y2)^ 


c 


1 _  f  (1  -  ay)  dy 

”k2(k2,+k2.k2)  (k2.k2+y2)^ 
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where  we  have  followed  Equation  (69a)  with 


»/■  //-/ 

•'o  •'o  •'1  /o 


since  (as  for  the 


derivation  of  Equation  (69a))  =  o  for  y>— .  Also  .  *  — ►  — r — — =-  because 

=  y2+k2  (kj,+k2-k2) 

y  is  taken  as  the  value  at  the  square  root  singularity. 

(d)  for  k<y<oo 


j  _ e'^y  dy _ 

since  the  approximation  e'^y  =  o  for  y>k;  see  derivation  of  Equation  (69a). 
(e)  for  o<x<  s/k^-k^  <  k  ;  k^  <  k  <  k^ 

Referring  to  the  last  integral,  we  observe  that 


..  sin  ax  _  ^  _  sin  mn 

1,  x2.i,2  “  „2.|,2  "  „2  u2 


is  indeterminate.  Hence  using  the  L’Hopital  rule, 


t;  (sm  ax) 

lim  ^ - 

x-*k  —  (x^-k^  ) 


a  cos  ax 
2x 


(-D^^a 

2k„ 


a  finite  quantity. 

Thus,  can  be  taken  outside  the  integral  where  x  equals  the  value  of  the 

square  root  singularity.  Therefore, 
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_ (-1)*"  sin  ax  dx _ 

)(x2-k2xk2-k2.x2)>4 


yK2=a, 

(“0"*  p  I  sin  ax  dx 
(-kq)(k^-k2-k2  )  '^m  ^  (k2.k2+x2)>4 


±11 


m 


k5(k2-k2-k2  ) 


(-ly  (aai)2i^> 
[(2i+l)!]2 


using  the  approximation  for  the  principal  part  of  the  integral 


sin  ax  dx 
(af-x2)^ 


given  below 


Equation  (61)  with  =  k2-k2. 

Combining  these  results,  we  obtain 


-(k2-k2)«j| 


k2  k2 


In  k 


±11 


m 


k2(k2-k2-k2,) 


1=0 


(-1)‘  (a  N/k2-k2)2 
I(2i+1)!]2 


nr 


and  from  Equations  (53)  and  (55), 
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2lnk 


2( 


-l)m  ^  (-l)Ha 


k2,k2  k2(k2.k2-k2,)^  [(2i+l)!i: 


nr 


Note  if  kq,  k^,  k^<k;  k^  >k  let  m-~-q 

Some  special  cases  for  the  previous  results  are  now  presented. 
(1)  For  k^,  k2  =  k2<ck2,  k2  x>k2 


(81) 


jmnqn 


-C-l)*"  k^b 

2k2kq 


Jo(ka) 


(2)  For  large  ka,  we  have  JpCka)  » 
Frey25)  and  therefore 


(see  page  88  in  Kinsler  and 


jmnqn 


Jrk2  k„ 


m  /  n 


{-L)  ('‘“-i) 


(3)  For  k^,  k2,  k^  +k2<ck2«  k2;  k2  and  using  the  first  term  of  the  summation 

in  Equation  (81); 


jmnqn 


m 


2(-l)' 

■k2k2 


(ka)} 


7rkqk2 


In  2.4  + 


(-l)"’(k^b)(ka) 


7rkqk2 


For  an  X-edge  mode-AF  mode,  use  Equations  (80)  and  (81)  with  m-^-n,  q-«-r, 
and  a**b. 
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IV  Y-Edga-Corner  Modes 


Figure  12f  shows  the  modal  classification  scheme  for  the  case  k  >k;  k^<k; 
kj^>k.  The  appropriate  contours  of  integration  are  again  Figures  (10)  and  (11,  (with  simple 

poles  at  a  =  ±k^,  a  =  ±  kq)  for  ^<lk|  and  &  >lkl,  respectively.  Hence,  Equation  f64)  is 
applicable. 


pnqr  =  jmnqr  +  j  jmnqr 


1  -  (-l)"cos  b  0 

(^2-k2)(02.k2) 


iy‘lOJ:0<k)d0  + 


1  -(-!)"  cos  bg 


lyiq  O3:0>k)d/3 


where  1^**1  (fi:fi<k)  and  iy’‘l  (0:0  >k)  are  respectively  given  by  Equations  (62)  and  (63). 
Thus  for  k^  f  kq>  k,  the  real  term  in  Equation  (62)  gives 


jmnqr  = 


“2kniknkqkf 

fk 

1  1  -(-!)”  cos  b  0 

1  -(-!)"’  J„  (a  Jk^j 

J 

'o 

(k^-k2+/}2)(k2-lc2+^2) 

Forkr>k>k„  and  kj,.  k2>k2><32,  let  ^2.k2_.k2  k2^.k2+^2_  ,^2  ^  k2.k2+|}2^k2 
Then  for  ka»rr  i.e.,  for  high  frequencies  (neglecting  the  (a  \/k^~k^)  term), 


2k„ 

jmnqr»  n 


>/*  M-  +  (.i)npf  cos  b0  d0 


.  f-L  In 

’fkr^njkq  pn  k+^nj 


In 


k-k„ 


irkfkn^kq  *“  k+k„ 


(82) 


neglecting  P 


f  cos  b0 

X 


a. 


If  kjj  >k,  kj<  k,  let  kjj«-»kj..  Equation  (82)  also  holds  for  k|^=kq  since  the  second 


order  pole  at  k^^  makes  no  CQqtribution  to 
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Now  for  the  reactive  terms  in  Equations  (62)  and  (63),  it  is  convenient  to  write 


-2k  k  k  k 

jmnqr  - 


f  IL-.(-J)"cosbgl^^  [ip(0:0<k)]dO 

(02-k2)(02.,,2)  1 


=»  o  for  m 


because  iy‘l(^:^<k)  «  iy’‘l(^;/J>k)  are  slowly  varying  functions  of  0.  That  is,  these  functions 


vary  slowly  in  the  region  of  0  =  k„  and  0  =  k.,  k.ftk.,  where  ^  varies  rapidly 

and  in  (approximately)  equal  amounts  in  both  the  positive  and  negative  directions.  Hence 
the  integrals  equate  approximately  to  zero. 

However  for  m=q,  we  return  to  the  general  representation  for  l|^‘l(0:0<k)  given  by 
Equation  (57)  rather  than  that  given  by  Equation  (62)  which  holds  for  simple  poles  only. 

We  have  previously  shown  in  deriving  Equation  (70b)  that  the  contribution  to  iy’‘l(/J:/}<k) 
of  the  second  order  pole  at  k^^  =  k^  is 


ira 


2kS,(k2-k2^2)» 


Hence  this  term  which  is  imaginary  for  /3<k,  k^>k  is  the  sole  contributor  to 


jmnmr  « 


[  I  -  (-1)"  cos  bg) 
(^^-kjxu^-kj) 


dp 


Now  for  k  >k, 


-I 


jmniti  r 


Also  /J<k;  kjj,>k.  Therefore 


jrk,k„ 

r  m 


P  Aj.-(-l)"cosbg| 

X 


The  integral  has  previously  been  evaluated  in  obtaining  Jg'"‘|f  given  by  Equation  (82). 
Therefore,  using  the  results  of  the  evaluation 


imnqr  _  a 
X  2jrk,k 


In 


r"m 


k-k 

k+k. 


mq 


(83) 


10? 


If  k„>k;  k,<k,  let  k„ - k^. 

Some  special  cases  for  the  previous  results  are  now  presented. 


k-k 


•  i  n 

k. 


(1)  For  kp«k^,  In  =  In  - -  -In  — «-2 ,  using  the  first  term  of 


,2i-l 


the  expansion  In ^  ^  HT  ^ 

i=l 


■fr)’ 


jmnqr. 


-2k, 


,rk^k,„kqk 


which  also  obtains  for  k^=kq 


(2)  For  k2«k2,  In  ^ 


jmnqr 


rrk^k^k 


®mq 


For  an  X-edge  mode-comer  mode,  k,,,  kj>k;  k^<k;  kq>k 


jmnqr  = 


_ L_ 

rrkqknk, 


In 


k-k 


m 


jmnqr 


27rkqk„ 


In 


k-k 


m 


k  +  k 


m 


nr 


If  k^>k;  kq<k,  let  k^ 


'q- 


(84) 


(85) 


V  Two  Acoustically  Fast  (AF)  Modes 

For  the  case  of  two  AF  modes,  A:^.  k^<k,  we  begin  with  the  case 

k^,  =kq<k;  kjj  =  kj<k  for  which  the  modal  classification  scheme  is  shown  in  Figure  12g. 
We  can  evaluate  1  for  this  case  directly  from  the  basic  equation,  given  by  Equation  (56a), 
without  resorting  to  contour  integration.  Thus  for  kj^  =  kq,  kj,  =  k^ 
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I  = 


/~I1  -(-1)"  cosb^l  r  /”ll  -(-I)"'  cosaal  do  1 
(02-k2)2  [J^  (,2.k2^)2(k2^2^2)14j 


dfi 


«-4 


/*6W-k„)  r  f  6(a-k^)  1  d0 

4k2  4k2^  Jo  "  [-4  (k2-a2-02)54 


Ap 

<k2 


d0 


-ir^  A, 


4k2  k2  (k2-k2  -k2)^ 


which  is  real  since  k^  +  k2<  k2.  Note  that  the  negative  sign  is  chosen  to  precede  (k2-k^-k2)^ 


1  “  (“1  COS  bfl 

for  consistency  with  our  sign  convention.*  In  the  derivation,  L-(g)  =  / — r — r*^ 

""  (02.k2)(^2.j^2) 


n=r 


_  1  -(-!)"  cos  bg 
(0^-k2)2 


6(0-k„)  and  similarily  for  In,n,(a) 


n=r 


4k 


Thus,  from  Equations  (53)  and  (55) 


We  now  consider  two  cases 


jmnmn 


-A. 


4(k2-k2^-k2)^ 


(86a) 


Case  1  g>|k|:  Figure  I2h  shows  the  modal  classification  scheme  for  the  case 
kn,  ^  kjj<  k;  k^  =  k^<  k;  k^  +  k2<  k2.  The  appropriate  contour  is  for  /3>|  kl  shown  in  Figure 
17.  Tlie  simple  poles  at  ±  k^  and  ±  k^  He  inside  of  k.  Again  we  replace  the  real  integral. 
Equation  (57),  by  the  contour  integral.  Integration  in  the  a- plane  over  the  contour  yields 
Equation  (63)  as  before.  In  other  words.  Equation  (63)  is  applicable  for  |3>|k|  because  the 


•F’oi  the  half-plane,  wherein  z<o,  we  precede  f  =  will 


minus  sign. 
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second  term  in  Equation  (61)  in  unchanged  for  k-  Thus  Case  1  remains  identical  to 
the  previous  Case  1  for  k^,  kq>k  and  k^<k;  kq>k  given  by  Equations  (63)  and  (78), 
respectively. 


iP(/}:^>k) 


2i 


[1  -  (-1)"'  dy 

(y  ^+k^  )(y  ^ +k^  )(y^ -a 'i  2 


(86b) 


Case  2  -  -k<g<k:  For  |3<|k|,  we  treat  three  regions  for  p  corresponding  to  three 
different  regions  for  a; 

(1)  Suppose  o<a|  =  >W<k  jj,;  see  Figure  18. 

Tlien  sjk^-k^  <0<k 

Obviously,  integration  in  the  a-plane  over  the  contours  given  by  Figure  (18)  and 
Figure  (10)  yield  the  same  results.  Hence 


=  l?H^:0<k) 


k^<k 

kq<k 


=  r.h.s.  of  equation  (62) 


(86c) 


km>k 

kq>k 


(2)  Suppose  k^<  a  I 


see  Figure  19. 


Tlien  n/ k^-k‘  <  0<'Jk^-k^.  Obviously,  integration  in  the  o-plane  over  the  contours 
given  by  Figures  19  and  15  (with  k^j<k)  yield  the  same  results,  namely,  those  given  by 
Equation  (79b).  Thus 


_  _  O 

Il"‘*(/3;'/k^-kq<0<'/k^-k^)  =  +i  f 

^  •'O 


2[1  -  (-I)*"  e-yUdy 


-P. 


(y^+k^)(y^+k“)(y2+a^)''^ 


m 


/ 


2[1  -(-1)^ 


dx 


(x2-k^)(x'^-k^)(af-x‘=) 


(86d) 

where  kq<  k 


(3)  Suppose  kq<a|  =  -J k^-0^  <  k;  see  Figure  20. 

Then  o</3<  «i k^-k^.  Obviously,  integration  in  the  a-plane  over  the  contours  given  by 

by  Figures  20  and  15  (with  kq<  k)  yields  the  same  results,  namely,  those  given  by  Equation 

(79b)  with  the  change  Pi,  —  Pi,  t  indicating  the  principal  values  with  respect  to 

'^m  q 

both  X  =  k^  and  x  =  kq.  Thus 
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/--p-Hre-ndy 

’  Jo  (y^'Hc2,)(y2+k2Ky2-hif)'‘ 


'^k„k 


2[1 


(-1)"^  e*^^]  dx 


m-q  £  (x2.k2,)(x2.k2)(a5-x^) 


2^>4 


(86e) 

where  kq<  k. 

Substituting  the  contributions  given  by  Equations  (86b-e)  into  Equation  (S6a),  we 
represent  I  as  the  sum  of  four  integrals  with  respect  to  0.  The  integral  limits  for  each  of 
the  component  integrals  are  selected  in  accordance  with  the  several  arguments  for  Ij"^. 
Thus 


Jk^ 

•'o  (0^-klW-kf)  ' 

+2  f  ^  ~  y  jk^-ki<0< 

(0^-klw^-kj)  ^ 


+  2 


f  L-H)"cosb^  ip(g:s/i;^<p<k) 


m 


+  2  f  ^  ~  ip(0:0>k) 

4  Ol2-k2)(02.k2)  1 


=  2 


r  1  -(-!)"  cosbg  f 

Jo  (/j2-k2)0j2.k2)  1^  ^ 


2  [l-f-lTe-’^yi  dy 
(y2+k2,)(y2+k2)(a2+y2)’'4 


“1  T 

r  2  [1  -(-1)*"  e”*^!  dx 
Jo  (x2.k2,)(x2..k2)(a5-x2)''^_ 


d/3 


+  2 


Jk2-k2 

r  '"1  -(-!)"  cosbg 


’+i  /*”  2[l-(-ire-"y]  dy 

^  (y2+k2)(y2+k2)(a?+y2)« 
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It  is  clear  from  Equations  (53)  and  (55)  that  the  real  and  imaginary  quantities  in 
Equation  (860  respectively  produce  the  radiation  and  reactive  components  and 

of  Befo'e  determining  these  components,  we  first  extend  some  results 

found  earlier  and  used  in  evaluating  Equation  (79c)  for  appUcation  to  the  present  problem. 
Thus: 

For  #kj<k,  1  is  negligibly  sn  ail. 

For  kj^  ^^kj<k,  the  second,  third  and  fourth  integrals,  (which  respectively  stipulate 

that  p>Jk^-k^,  p>  s/k^-k^,  and  ^>k)  cannot  exist  because  they  contradict  the  general 
requirement  that  k2+k2<  k2  and  therefore  that  U— k„  =  k,<  ^/i^<  k,  and  the  general 

requirement  that  k^+k2<k2  and  therefore  that  0— k^  =  k^<  k. 
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With  these  results,  we  now  proceed  to  evaluate  Since  I  is  negligibly  small 

for  k„  f  kj<k,  =  o. 

For  k„  =kj<k  with  o<|J<  ,  the  last  three  integrals  of  Equation  (86f)  vanish 

and 

1  =  2  f  IP  O3;0<  N/K^)6(0-k„)d/3 


ip  (k„:k„<  ^/K2) 


s/k^-k? 


2[1  -(-ir 


jLk  r+:  r  2[i  -(-ire-^y)  dy _ p  r  m  -c-ir 

2k2  Jo  (y^+klKy^+kl)(y^+k^-kl)'^  ^  (x^-kJ^Xx^-kJXaJ 


(y  ^  +k^  Xy ^  +k‘  )(y ^  +k  -k‘  V 


q  •'o  (x^-k^Xx^-k^Xa 


‘*1  dx 


Consider 


v/k^-k^ 


-/ 


■kn)d/J 


[t  (' 


^/i?^ 


p,  ,  f  21l-(-l)"'e»’‘|dx  \ 

m  q  Jq  (x^-k^Xx^-k^Xk^-k^-x^y'^y^ 


where  ►k„<  ^/ro.  Hence 


a,  =  N/i^ 


a,  =  -Jk^-kl 


Re(l)  =  ^  Pk  k 
k2  “m'^q 


- 1—  f 

i  \  Jo 


_ dx _  r  nni  /  _ cos  ax  dx _ 

(x2-k2,Xx2-k2Xaf-x2)^  ’  ’  Jo  (x2-k2^Xx2-k2Xa2-x2)'^. 


(x+k^Xa5-x2)^  J^  (x-k^Xa?-x2)!^|  Jo  (x+kjfa^-x^)!^ 


\f' 

Jo  < 


Jq  (x-kqXaf-x2)''^ 


/  n"!  P  f  cos  ax  dx _ 

“"■S  X  (x^-k^Kx^-k^Xaf-x^)’* 
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where,  using  a  partial  fraction  expansion. 


1 

(x^-kJ^Xx^-k^) 


k2.k2 


the  first  principal  integral  has  been  written  as  the  sum  of  four  integrals.  Following  the 
derivation  for  Equation  (80),  it  is  clpar  that  each  of  the  brackets  for  the  last  integral  equa¬ 
tion  has  a  value  of  zero;  again  using  partial  fractions  and  considering  the  value  of  the  integral 
only  at  the  square  root  singularity,  therefore 


1 

Re(I)  =  (-1)*^  ffb  p  f  _ cos  ax  dx _ 

kj  Jo  (x2-k2,)(x2-k2)(k2-k2-x2)^ 


f.  “  I  a  I 

_  (-1  ffb  r  cos  ax  dx _ ^ 

kn  (kS,-k2)  [J^  (x^-kJ^Xk^-kJ.x^)^^  ' 


cos  ax  dx 


k2)(k2-k2-x2)'^ 


] 


(-l)^rrb  r  1  / 

‘n  (k^-k^)  [(k^-kj,-k2) 


cos  ax  dx 


(k^-k^-k^)  (k2.k2-x2)'^  (k2-k2-k2)  (k2.k2.x2)^. 


/'  1 

/  cos  ax  dx 

Jo  (k2.k^x2)^J 


(-D'^rrb 

kn  (kj,-k2)  I  (k2-k2 


[  (k2-k2,4)(k’ -kU2  J 


(-1)"’  »r2b 


Ikl  (k2-k2 -k2Kk2-k2^<2)  ” 


J„  (a  A2-k2) 


and  from  Equations  (53)  and  (55) 


t-lV”  k  k  h 
jmnqn  i  ;  p 

R  _  -  - 


2(k2-k^-k2)(k2-k2-k2) 


Jq  (a  A2-k2  ) 


for  k„  =  k^. 


Therefore  in  general  for  two  AF  modes  with  kq>k^;  kr>k„  and  k„.  k„,  k  ,kr<k 


(86g) 
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where 


(-1)"’  k„k„  b 

Jq  (a  A2-k2) 

(87) 

(-1)"  k„k^  a 

Jo 

(88) 

2(k2.k2,-k2)(k2.k2.k2) 

_ 

4(k2-k2-k2)^ 

(89) 

We  now  evaluate  the  reactive  component 

For  kn  f  kj<k,  since  I  is  negUgibly  small,  =  o. 

For  k^  =  kj<k;  k^  =  ltq<k,  I  is  real  (see  derivation  leading  to  Equation  {86a))  and 
therefore  =  q. 

For  k„  =  kj<k;  k^  f  kq<  k,  since  the  last  three  integrals  for  0  in  Equation  (860 
cannot  exist,  then  for  o<0<  4k^-k^ 


Im  (I)  =  Im  2 


Jo  [k) 


m< 


>/k^-kq 


=  ^  f  6(A„)  r  e-^^yjdy 

2k?  •'o  L*^(y^+kS,)(y2+k2)(a2+y2)H 


+  (-1)"’P, 


kmk„ 

m  q 


I 


sin  axdx 


b  (x2-k^)(x2-k2)(aj-x2 


The  integrals  within  the  bracket  are  similar  to  those  integrals  within  the  first  bracket 
of  Equation  (79c):  The  only  changes  in  Equation  (79c)  are  P.  — P.  .  here  and 

k  here.  Hence  the  steps  in  evaluating  Im(I)  here  are  analogous  to  those  used 
in  obtaining  Im(I)  immediately  preceding,  and  leading  to,  Equation  (81)  except  that  whereas 
previously  the  term  i  was  placed  outside  certain  integrals,  the  corresponding 

^  H 

y2+k2  k^+k^-k^  placed  outside  the  integral  because  here  y  is  evaluated 


at  the  square  root  singularity  of  the  term 


1 


Hence  we  obtain  the  final 


(k^-kJV)^ 

expression  for  directly  from  Equation  (81),  with  appropriate  modification  (just  cited), 

as 


jmnqr  _ 


= I  I" f- 

2''  |(k2+k2-k2)(k2,+k2-k2)[  \ 


k+ 

— =21 -(-!)■"  ■ 
Jk2-k2 


fk2-k2+| 

(if) 

r^r-rr  1 

r2  4.1,2x  1 


2k 


In  (k^+k^)-^  In(k2+k2) 


ni 


2k^ 


■] 


m 


2lnl _ 2(-l) _ 

k2,k2  (k2-k2-k2)(k2.k2.k2j) 


i'(a  N/k2-k2)2>+l  ) 

I(2i+l)!l2  i 


g  (-l)'(a  N/k^-1 


nr 


(90) 


For  kq<  k^  then  m-«-q  and  for  kj<k^  then  n-*-^r. 

Some  special  cases  for  the  previous  results  are  now  presented 
(1)  For  k^,  k2,  k2,  k2«k2;  k^  f  k2  and  for  large  ka 


jmnqn 


(-ir  k„k„b 


2k^ 


(-»>"  k„k^b 

nk^ 


(;!;)  ■  t) 

(ii)*  -t)  ‘ 


nr 


(2)  For  k^,  k2,  k^+k2«k2;  k2,  k2,  k2+k2«k2;  and  using  the  first 


term  of  the  summation  in  equation  (90) 


jmnqn 


-kmkq  b 
2?! 


|l^[ln  (1+J2j  + 


asO 


VI  Two  Edge  Modes 

For  two  edge  modes,  k^,  k^,  k^,  k^<k:  k^^^,  k^f.>k^,  we  begin  with  the  case 
km  =kq<k;  k„  =kj<k;  k^„,  k2^>k2  for  which  the  modal  classification  scheme  is  shown 


in  Figure  12i.  For  this  case,  we  can  evaluate  1  directly  from  the  basic  equation  given  by 
Equation  (S6a)  without  resorting  to  contour  integration.  The  equations  used  in  evaluating 
I  are  therefore  identical  to  those  used  for  two  AF  modes  (leading  to  Equation  (86))  which 
has  the  final  result  (note  that  we  use  the  negative  imaginary  part;  see  Equation  (58)) 


4k^k2(k2-k2,-k2)>4  4k2,k2(k2,+k2-k2)^ 


(91a) 


Equation  (91)  is  reactive  (imaginary)  because  k^+k2>k2 
Hence,  for  this  case  =  o. 

Next,  consider  the  case  k^  f  kq<k;  k„  =  kf<k;  kj^^,  k2^>k2  for  which  the  modal  classifi¬ 
cation  scheme  is  shown  in  Figure  I2j.  In  analogy  with  Equation  (860  for  two  AF  modes, 


where 


here,*  we  have 


^2  f  IP  (0:p<k)d0  +  2  f  Ip(^:0>k)d0 

Jo  w  -k2)2  (p2.k2)2  I 

By  Equation  (65),  the  second  integral  cannot  exist  for  k„  =  k^  since  ►k^<k.  Hence 


ir(ic„:k„<t) 


’  Jk?  1  X 


2fl -(-1)"^  e'^yi  dv 

(y2+k2,)(y2+k2)(y2+k2 


-k2)«  ■ i 


ai  =  Jk^-kl 


2[1  -(-1)"^  e‘^^1  dx 
(x2-k^)(x2-k2)(k2-k2-x2)^ 


(91b) 


♦Note  that  k^+k2>k2  and  k2+k2>k2  or  k^=kj>\/k^  and  k^=k^>'Jk^  Hence  I ^  (j3:  N/k^-k^<,(3<'Jk^-k^<  k) 

can  now  exist  so  that  we  can  appropriately  represent  the  sum  of  the  first  three  integrals  as  a  single  integral. 


112 


where  again  integration  in  the  a-plane  over  the  contour  yields,  as  before,  Equation  (61)  for 

where  ►k^.  Note  that  Pj.  u  has  been  dropped  in  the  last  integral  because 

m  q 


kq+kj>k2  and  k2,+k2>k2,  so  that  k^  >  A^-kJ  >  x;  k^>  A^-kJ  >x;  i.e.  k„,  k^  lie 
outside  the  range  of  integration  and  therefore  x^-k^~^c^,  x^-kn~-k^  Hence 


Red) 


_  ffb  f_ 
■2k2  / 


2[1  -  (-1)*^  cos  axl  dx  _  wb 

(x2.k2)(x2-k2)(k2-k2-x2)>4  kjk^kj 


_  -ffb 
k2k2  k2 


^  [l-(-l)'"J„(a  A2-k2)l) 


q  q 

•Jk^-kl 


_ n-c-ircos; 

(k2.k2.x2)' 


ax)  dx 
>4 


where  the  foregoing  integral  has  been  previously  evaluated  in  connection  with  the  first 
integral  of  Equation  (61).  Hence  from  Equations  (53)  and  (55), 


,mn,n  ..  [,  .  ,.,)m 


2k  k 


(91c) 


For  the  case  k^  k„  fk^f  k,<k;  k2  k2j>k2  with  modal  classification  scheme 

.k  ^  n 

I|"9(j5:p<k)d/J  is  negligibly 


(/?2-k2)(02.k2) 


n#r 


small  so  that 


Jg'"q'^  as  o  for  n  ^  r,  m  ^  q 


In  general,  therefore. 


J^"9r  =  -  (A+B)6„,6^q  (91d) 

where 


A  = 


2k  k 


I  13 


[1  -  (-1)"’  Jo  (a  A2.k2)I 


(92) 


(93) 


®  '  2tV  -  <■'>”  Jo  fl> 


We  now  evaluate  the  reactive  component  Consider  the  contribution  from 

Equation  (91b)  for  f  kq<k;  k^  =  kj<k;  k^„.  k2^>k2: 

sjk?.kl 

I  r  f _ [1  -  (-I)*"  e'^y]  dy  +m>"'  f  _ sin  ax  dx _ 

[/,(y2<)(y2+k2Ky2+k2.k2)H  I  (,2.^2^)(,2.k2)(k2.k2.,2)14j 


The  evaluation  of  the  integrals  yi^^lds  a  result  for  identical  to  that  of  Equation  (90) 

except  that  (1)  the  coefficient  of  the  first  term  within  the  braces  of  Equation  (90), 

— = — = — — = — = - -  here  because  now  k^  >k^-k2;  k^>k2-k2  and  (2)  the 

(k2+k2-k2Kk2,tk5-k3)  kjk^  ,  n  n,  n 

coefficient  of  the  last  term  within  the  quotes 


m 


m 


<k2-k2-k2)(k3-k2-k3,) 


-3(-iy 

k2k2 


here 


because  x^-k^~-k^;  x^-kq~-kq  .  Hence,  with  inclusion  of  Equation  (91a f  the  final 
general  result  is 


J""’'  “  CJn,  *  “o,q  -  <C*W'o.,»n,  + 


(94) 


where 


C  = 


•sjr.K-i 

j  '■  «3»'' 


-(-1) 


[(2i+l)!l2 


(95) 


D  = 


»rknk, 


I  /k4^k 

I  V 


2(k2-k2) 


Ik?ln(k2+k2).k2  In  (kj+k^)] 
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(96) 


( 

r/  /, 

i-ifU 

n(‘'  ”  1-1 

)  j  -(k2-k2,)^j| 

"  ((2i+l)!]2 


4(k2,+k2.k2)^ 


(97) 


B2.  EVALUATION  OF  THE  CAVITY  COEFFICIENTS  I".  I" 

For  the  cavity-induced  coupling  we  require  the  solution  of  Equation  (28): 

1'^*=  J"  J‘  (x)  Gp  (x|x')  (x')  dx  d3r 

Ap  Ap 

where  Gp  (xlx')  =  Gp  (x,y,o|x',y',o;w)  is  the  cavity  Green  function  at  the  surface  of  the 
vibrating  plate.  For  the  coordinate  system  of  Figure  1  with  origin  located  at  one  corner  as 
shown,  we  treat  two  cases:  (a)  almost  hard  walls  and  (b)  hard  walls;  mathematical  development 
for  the  latter  is  subsumed  in  the  former. 

Hence,  following  the  analysis  in  Chapter  9  of  Morse  and  Ingard^'^  and  Chapter  14 
of  Reference  37,  Kinsler  and  Frey^^  the  specific  wall  admittance  for  a  cavity  mode  n 
(n  =  a,  jS,  7)  for  almost  hard  walls  is: 


pc  _  n 


-IX, 


0<^n<' 


where 

{  =  specific  wall  conductance  =  the  specific  wall  susceptance 

rp  =  specific  wall  resistance  Xp  =  specific  wall  reactance- 

Zp  =  pc  (rp+iXp)  is  the  specific  wall  impedance 

In  the  above  equation,  ^p  may  be  taken  as  frequency-dependent  througli  the  parameters  n. 
Assuming  Xp  »o  (or  rp  5S»Xp) 


1 15 


(98) 


where  a„  is  the  wall  absorption  coefficient.  Now  assume  that  is  uniform  and  small  (or 
r„  » 1 )  over  all  surfaces  of  the  cavity  including  the  panel,  i.e.,  is  taken  as  a  numerically 
small  constant  for  all  modes  (frequencies).  Since  is  very  small  (/}„«  1),  the  cavity 
eigenfunctions  can  be  assumed  real,  but  the  eigenvalues  are  complex.  From  Morse  and 
Ingard^^  (Equations  (9.4.8),  (9.4.9),  (9.4.31),  and  p.  572)  the  cavity  Green  function  is* 


where 


Gp(rii';w)=  ^ 

n 


».on«.cr) 


(99) 


«„(D  =  9.j,,^<f>>cos^cos2|J!  coslfi  ;  aAy‘0.1.2 


^n  ^n"‘'^n 


A  =1^  (!«  + 

"'n  8\„  \  a  ^  b  ^  c/ 


!1  for  a,^,  7=0 
2  for  a,^,  7  >  o 


For  a,  0,  7  all  equal  to  zero  we  take  =  o 


(100) 

(101) 

(102) 

(103) 

(104) 


I 


dV  = 


_V _ _  a-b-c 


(105a) 


•In  Equation  (9.4.31)  of  Reference 24,  let  V  ‘x'**’ 

■z-'-  flz,  ■  9.  ■  T 
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Substituting  Equations  (100),  (101),  and  (105)  into  (99): 


Gp  (TlT':w)=  °  ^  cos^^  cos^^  cos^^  cos  cos^^  cos 

-f:!  V(x2.k2)  a  -F  c  a  -T-  c 


aJi,y=o  ''"n  “c 


where  Xj^  =  (X“  -  A“)  -  i2X„Aj,.  Substituting  into  the  equation  for  Gp  and  rationalizing  the 
denominator  of  the  resulting  equation* 


a^,y=o 


oo  ^  *  ujrx  0iry  ynz  anx'  0ny‘  ynz' 

—  cos  COS  ^ - COS -  COS^^  COS-^ - 

i2  y  JLULJLJ: - a - b - c _ a _ b _ c_ 

^  (X2-A^k2)2+4X2A2 


oJ3,7=o 


(105b) 


Substitution  of  this  equation  into  Equation  (28)  with  G-(xl  a')  s  G-dlf), 

r  P  “*0 

for  the  coupled  modes  of  a  simply  supported  plate 

Xa  /*^ 

/  sin  ^  sin 
=o  •'y'=o 

Ux=o  Jy=o  aj7=o  L  J 

cos  cos  sin  3^  sin  dx  dy  1  dx'  dy' 


gives 


airx  0vy 

cos  -  cos 

a  b 


*AUetnatively,  we  may  use  (see  page  1134  in  Morse  and  Feshbach^^) 


OO  oo 

P  ^  ^  ^  A  E  E 
0=0  ^o 


~  am  0try 

cos -  cos  - 

^  ^  a _ ^ 

a  ^  sin 


OTTs'  0ny'  j 

•cos -  cos -  < 

a  b  I 

where  kj^  =  k^  .  (H)  .  (^) 


cos  k^  cos  |k^c-a  )| 
cos  k^'  cos  |k^c-z)| 


I  >t 

I 

z<  z 


_  f  sin  nurx'  ojtx'  j  , 

■  ^  (x2.A2.k2)  +  4x2A2  /  “T— 

afi,y=o  '  n  "  Jo 


f  !il^  cos^  dx  f  cos^-^’  dy'  f^!i 

Jo  Jo  Jo 


sin  nry  &ity  , 
— g— i  cosii^  dy 


f- 


sin  mffx  ajTX 

- cos - 

a  a 


'  dx'  =  I  •  -  cos  [(ni-Ki)ff]  ^  1  -  cos  [(m-aki 

I  2[(m-Ki)fj 


2  l(m-a)-^] 


;  m  ^  a 


;  m  =  a 


and  similarly  tor  the  other  three  integrals! in  the  equation  for  Hence 


iinnqr/  X-  A  a  a  a 


where 


,  _)  1  -  cos  ((i+j)7r 
'\  - Tf] - 


j  +  1  -  COS  [  (i-j)ff] 


} 


;  i  =  j 


Equation  (106)  represents  the  cavity  coupling  coefficient  for  almost  hard  walls.  For 
the  case  of  hard  walls  P„=a^=A^=oso  that  ^n  =  X^^,  the  real  eigenvalue.  Thus  the 
cavity  coupling  coefficient  for  hard  walls,  obtained  from  Equation  (106)  with  A„  =  o,  is 

jpinqr  _  ^a\|3^qa^rg 

167r^V  ^  "'2  •-2^ 


a  43,7=0 


which  is  a  real  quantity.  Note  that  m  and  q,  and  n  and  r  must  have  the  same  parity 
(either  both  even  or  both  odd),  otherwise  =  o. 
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Figure  12  —  Modal  Classification  in  Wavenumber  Space 


Figure  12a  -  Two  Y<Edge  Modes;  k^,  k^  >  k 

ky 


Figure  12b  -  Two  Y-Edge  Modes;  k^  #kq  >k;  k„  #ky  <k 


1  19 
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Figure  12e  -  Y-Edge-Acoustically  Fast  (AF)  modes: 

k  k  k  <k*k  >k 
“m  '‘n’  “r  ‘‘q 


Figure  I2f  -  Y-Edge-Comer  modes:  k^, k^^  >k;  k„  <k;  k^  >k 


Figure  12g  -  Two  Aoouctically  Fait  Modes:  <k;  k^  =  k^  <k 


FigWie  12h  -  Two  Acoustically  Fast  Modes:  ^ni  ^k^  <k;  k^  »  k^  <k 
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•  •  rfc-  ' .'.-jiV- 


£  '.A* 


F^ure  12i  -  Two  Edge  Modes;  <k;  k^  -  k,  <k;  k^  ,  k^,  >k^ 


Figure  1^  -  T>uo  Edge  Modes;  k„  #k^  <k;k„  -  k,  <k:  k^.kj,>k* 
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*Sr 


Fi|ure  I2k  -  Two  Edge  Modes:  k^,  ^k^  #k,j  #kj  <k:  k^  kqj>  k2 


Figure  13  -  Case  I  Integration  Contour  for  (0:0>|k|) 
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(Contour  of  intagration  for  Y-adga  acoustically  fast  moda  corrasponding  to  Figura  12a) 


Figure  14  -  Case  Integration  Contour  for  I”**  (P'-y/k}  -k^  <  /J  <  k) 
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(Contour  of  intagration  for  Y-adga  acoustically  fast  moda  corrasponding  to  Figura  12a) 


Figure  15  -  Case  2  Integration  Contour  for  <v^-^  -  k^) 
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Figure  16  -  Deformation  of  Contour  in  Hgure  15 
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Figure  17  —  Case  1  Integration  Contour  for  0:0  >  |k|) 


129 


(Contour  of  intagration  for  two  acoustically  fast  modas  corrasponding  to  Figura  12h) 


Figure  18  -  Case  2  Int^ration  Contour  for  0  <k) 
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(Contour  of  integration  for  two  acoustically  fast  modas  corrasponding  to  Figura  12h) 


Figure  19  -  Case  2  Integration  Contour  for  ) 


F 


(Contour  of  intagration  for  two  acoustically  fast  modas  corrasponding  to  Figura  12h) 


Figure  20  -  Case 


2  Integration  Contour  for  I”**  0:0 
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APPENDIX  C 

MATHEMATICAL  REPRESENTATION  OF  TURBULENCE 
EXCITATION  AND  EVALUATION  OF  JOINT  AND  CROSS  ACCEPTANCES 

Cl.  CROSS-SPECTRAL  DENSITY  OF  TURBULENCE  (BLOCKED)  PRESSURE 

The  turbulence  excitation  function  is  assumed  to  be  described  by  a  semiempirical 
model  devised  by  Maestrello.*  The  model  represents  the  normalized  cross-correlation 
function  for  the  turbulence,  which  is  the  blocked  pressure,  between  two  points  (x,y)  and 
(x',y')  at  times  t  and  t',  respectively,  by 


-|T?I 


Rfr,  u.t)  =  ^ 


U,0  a=lKr  +(1/FU^)^ 


3 

2 

j  =  l 


K: 


(108) 


6  ^ 

Here  i?  =  x  -  x',  p  =  y  -  y',  r  =  t  -  t',  F  =Tr  ;  6  *  is  the  boundary  layer  displacement  thickness, 

Uoo  and  Ug  are  respectively  the  free-stream  and  turbulence  convection  velocities,  B  is  the  eddy 
lifetime  for  steady  convection  and  Aj,  Kj  are  nondimensional  constants  (see  notation). 

The  cross-spectral  density  of  the  unnormalized  exciting  field  is 


S  (x|x';ai)  =  S  (jjjliiw)  =  R(T?,/i,o) 
Pb?  Pbf 


oo 

/ 


R(rj,p,r)e 


,-twr 


dr 


=  R(t?,p,o) 


-It?! 

UcO 

e  ^ 

3  Aj 
j  =  I  Kj 


all  j  K]  + 


b-IWT 


dr 


(l/FU^)'  [(t?-Uj.t)’  +pM 


With  slight  algebraic  manipulation,  the  integral  is  evaluated  as  follows  (see  page  59  in 
Leibowitz  and  Wallace* ). 


OO 

J 


a-lUT 


dr 


K]  +(1/FU,)*  Kn-U  T)’  +fx^] 


OO 

■I 


F’e-“^^dr 


||(K^F)2  +(;,/U^j2I'/^|2 


,p2  s/(KjF)^.(/i/U/H-il 


CO 

c 


'i(KjFp~+7Ai7u^ 
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Hence 


S_  (x|x';w)=  R(i?ji,o)e 
‘^bB 


UcflrjrFL“|  ^ 

3  Aj 
2  ■ 


.v/(K,F)* 


0  FjiILI  I  Mil.., 


"jlEL" 

3  Aj 

V  _ L 

Li  =  iKjJ 


'KjF)^  +(/i/U^.)* 


V(KjF)^  +(a//U,)1 


(109a) 


because 


oo 

R(»7,/i,o)=  [p^(x,y,t)  p*(x',y',t')j  **  ^Pbi^t ""  J  ^Pbj‘^ ^ 

o 

To  evaluate  measured  dimensionless  power  spectral  density  given  by 


Equation  (B7)  of  Reference  1,  namely,* 


3  -KjFw 

Sp 

PbB  U„,  j  =  l  J 


(109b) 


*An  alternative  method  can  be  utilized  to  derive  Equation  (1 10).  Consider  the  one-sided  (unnormalized)  power 


spectral  density 


’’w®*  3  -K  iFw 
Sp  (‘^)  =  -^  .2  A=c  > 

PbB  Uoo  j=l  J 


;  to  >  0 


We  now  treat  Sp  j^co)  in  the  infinite  range  as  a  two-sided  power  spectrum  by  taking  one-half  the 

foregoing  value  and  letting  S  (w)  S  (|cj|),  a  nonnegative  even  function  of  to.  Thus 

Pbi  Pbf 

OO  OO 


-“uT  j=/i  J  e  df-  j!',;r[r^+(KjF)M  jJirWfKjF)* 


where  we  have  used  page  632  in  Campbell  and  Foster^^  with  a  =  K  F. 

J 

Hence  R(0)  =  <pj^,  =  .  2 -Jjj-wWch  is  Equation  (110). 

Note  that  ^|W"°^nal.k£d  =  see  Equation  (B8)  of  Reference  1 . 
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Therefore 


*  3  r 

<P*>t  =-TT—  £  A. 
M  ‘  j  =  i  J  'I 


-K.Fw  .  ’’w®*  3 

e  J  dto  =  ^ 


_^L  =  r3 

I*'  Tr  *  «i 


3  A: 


Uoo  j  =  lFKj  'w  Kj 


«  1.296  X  10"*  P*  ut, 


because 


and* 


3  Aj 

.  2  6.66 

j  =  l  Kj 


2.78  X  10‘* 
rw-— pUio= - 2 - 


PUJ, 


(110) 


(111a) 


(111b) 


J5  * 

Substituting  Equations  (110)  and  (111a)  and  letting  F  =  7j—  in  Equation  (109),  we  get 

^OO 

iqcj 

r 

c 


^  A  (p/U,)’  IwI  -rj- 

U  0  3  AjKj  e  J  ^ 

S„  (x|x';w)  =  6.11  X  10‘‘ p^Ui6*' e  ^ 


bC 


j  =  l  V(KjF)*  +  in/u^y 


(111c) 


C2.  WAVENUMBER-FREQUENCY  SPECTRUM  OF  TURBULENCE  (BLOCKED)  PRESSURE 

The  wavenumber-frequency  spectrum  of  the  blocked  pressure  is 

00  oo 

(k„,ky;<o)=  I  I  S„  (x|x';w)e’‘^'‘’‘’'^''y''^dndp 

*^68  ^  J  J  *^68 


-00  — oo 


=  6.11  X  10*‘ 


J'"' 


-Ini 


oo 

j 


-V(KjF)^  +  (p/UJ*  Iwl  -ik  u 
^  ^  dp  (112a) 


Vi^fy  +(p/U,)* 


*’  il’l  A  ■  II  •  '  R7.2X10'^)  ..,T 


we  compute 


2  -i 
j=lKj 
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Now 


oo 

/ 


-Ini 

^  U  fl  -i(^  +k  )T, 


e  'U^ 


dr?  = 


2U,0 


-oo  <(J  <  oo 


l  +  0Mo,+k^U,)*’-oo<k„< 


and 


OO 

! 


^-Iwl  V(KjF)^  +(P/U^)’  ^-iky#i 
V(KjF)*  +  Oi/U,)^ 


^^v'CKiFUj’*^’ 


J  V(KjFU,)* 

.OO 

=  .  [-iH«'  (t  iKjFU,  V(-^’  tkjK; 

• '  [-‘"o'  <-  ]  u,; ^ 


-oo  <  CJ  <  oo 

-oo  <  ky  <  oo 


where  in  evaluating  the  preceding  integral  we  have  used  Equation  (14b)  with  r  =  KjFU  , 

X  =  p,  t  =  -ky,  and  a  =  Buta’=-^-^j  _  For  the  argument  of  we  have 

selected  the  (-)  sign  to  ensure  that  ♦  0  as  ky  ♦  oo.  Finally  we  have  let  the  real  quantity 
(-iKjFUg)*  iH^,*’  (iKjFUg);  (see  Abramowitz  and  Stegun,^*  Equation  (9.1.39)  on 
page  361).  Hence,  substituting  the  evaluated  integrals  into  Equation  (112a),  with  =  0.8  U«, 


we  obtain 


\;My.“)-7-8x  IO-‘p"uy  I  ^  .  j,  AjKj  [bHi,"  (iKjFU,  y/kf*  (.p/U,)‘)] 


;  -oo  <  U)  <  oo 
-oo  <  kjj  <  oo 
-oo  <  ky  <  oo 


(112b) 


C3.  JOINT  AND  CROSS  ACCEPTANCE  FUNCTIONS 

The  joint  and  cross  acceptance  functions  are  defined  by  the  following  equations  with 
t  =  n  and  t  #  n  respective! 


Jtn  “  (w)  /  J  dxdjl' 

Pun  b6 


(113) 


*’*  A’ 

P  P 


1 


Ap  Sp  (w) 


oo  oo 

/  J- 


bJ 


/,  _  ik 
\t*(x)e 


dx 


J  \|/"(x')  e  dx'"! 

J 


dkj^dky 
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where  we  have  used  Equation  (1 12a)  to  write  S_  (w)  in  terms  of  its  Fourier  transform  il*- 

and  interchanged  the  dx  dx'  and  dk^  dky  integrals.  From  Equations  (50)  and  (51)  this  equation 
can  be  written  as 


oo  oo 


= _ ! _ 

A*  S  (CO) 
^  *^bfi 


J  J  r /  r(x>)  dx' 


m»00  .OO 


Sp  (CO) 


bfi 


l-A'p 


L^P 


dk^  dky 


OO  oo 


1 1  «l>pjk^.ky;CO)  S„(k^,ky)  SjU^.ky)  dk^  dky 


(114) 


.oo  .oo 


where  S„(kjj,ky)  represents  S^„(kjj,ky)  and  Sj(kjj,ky)  represents  Sqf(kj^,ky),  i.e.,  n*mn, 
t  ♦  qr,  tn  +  mnqr  in  general.  If  t  =  n  then  tn  ♦  nn  +  mnmn. 


JOINT  ACCEPTANCES 


Substituting  Equations  (52e)  and  (1 12b)  into  (1 14)  gives  the  following  equation  for  the 
joint  acceptances;  note  that  the  Joint  acceptances  defined  by  setting  t  =  n  implies  that  the 
mode  numbers  m  =  q,  n  *  r  in  Equation  (52e). 


j?n(w) 


^  j* 


mnmn 


(  ^  9.81  X  10-»  p^U^6*^ki^k^  0 


A^S  (co) 
‘^b£ 


oo 

I 


[  1  -  (-1)"^  cos  k^  a|  dk^ 


AiK, 


(kj^  -  k^)*  (1  +  fl*(co  +  k^  j^i  '^n 


J[1  -(-!)"  cos  kyb] 

.oo 


dky 


;  -oo  <  (J  <  oo 

;  -«  <  k^  <  0° 

;  -*  <  ky  <  « 

Hence  using  the  approximations  (since  -«<  k„  <«»,-«><  k„  <  <») 

A  y 


(115) 
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Il-(-l) 


m 


cos  k  a] 

_ X 


(k* 

X 


k'  ) 

m 


Tra 

-  4P»(k 

m 


wa  r 

X  *  4p 

m*- 


6(k  +k^)  +  6(k  -k^) 

X  m  X  m 


[  l-(-l)  cos  k  b]  jra  Trb 

- —  -  ■::T  ~  t6(k  +  k  )  +  6(k  -k J] 


(k*  -  k' y 
y  n' 


4k^ 

n 


4k" 

n 


we  have  for  the  first  integral  in  Equation  (115) 
( 1 cos  k  a]  dk  ” 


pi-(-l)  cosk^aldk^  ^  xa  fxa  i 

J(ki-k^)*  [i  +  fl"(w+k^u,)M  2  4k;;^  11  +0^  (w  +k^u^)"] 


6(k  -k  ) 

X  dk 


*k„U  )’ 

m  c  J 

Tra  I 

1  +  0"  (w  -  k  U  )" 
me 

because  in  treating  the  wavenumber-frequency  spectrum  for  the  turbulence  pressures  outside  of 

the  convection  region,  i.e.,  in  the  low  wavenumber  region,  we  assume  k  «Tr  so  that 

m  U 

both  of  the  foregoing  integrals  are  nearly  equal,*  or 


1  +  0"  (w  -  k  U  )’  1  +  0"  (w  +  k  U  )’  1  +  0"  (w  -  k  U  )"  (Nba) 

me  me  me 

For  the  second  integral  in  Equation  (115)  we  have 


_  f  1 

4k"  1  +0"  (<o-k^U  )"  r+  0"  (w 

m  L  me 


00 


♦But  within  the  eonveeted  region,  the  first  integral  predominates.  For  if  w>o,  then  a  maximum  oeeurs  at 
*  ^  U  ■*‘ni  “  maximum  oeeurs  at  k  =  ^  =  k„;  see  Figure  9  of  Referenee  1. 

C  *  Ur 
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Substituting  the  preceding  integral  evaluations  as  well  as  Equations  (109b)  and  (111b)  into 
Equation  (IIS),  we  obtain 

3  ..  r  _  rrTTTr^Yi 


j*  =  125 

mnmn 


\\  /f  If 

,  ,3  U 

l+e^  {u  -k„,  U-)2  2  A,  e 

n'  c  j  =  I  J 

L-  JL  J 


(116b) 


CROSS  ACCEPTANCES 

We  now  show  that  the  cross  acceptances  can  be  neglected  for  slow  speed  Hows. 

Substituting  Equations  (52e)  and  (1  t2b)  into  (1 14)  gives  the  following  equation 

for  the  cross  acceptances;  k  ¥=  k  ;  k  ^  k  . 

m  q  n  r 


<  k  k  0  7 


1  -  (-1)"’  cos  k  a 

dk 

X 

(k*-k^  ) (k^-k*) 

X  m  X  q 

1  +  (to+k  u  y 

X  c 

where 


S  A.K.  I 

j=l  J  J  J 


-  oo  <  (J  <  oo 

-  “>  <  k  <  «> 

X 

-  “>  <  k  <  °° 


Al  S  (oj)  J  (k*-k'  )  (k^-k*)  fl 

P  ’’m  X  m  X  ,’L 

[l  -  (-1)"  cos  k^b]  [iH^  ’  (iK.FUyk=  +  (g)’]dk^ 

iP  -  K^)  <k;  -  k;  I 


(Il7a) 


Write  the  first  integral  for  k  <  k  as  the  sume  of  two  integrals  r"+  f  and  let  k-»-k  ir 

^  J  j  ^  ^ 

-OO  Q 

f” 

in  the  J  integral  only. 
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oo 

J 


[  l-(-l)"’  cos  kj^a)  dk^ 

(ki-kj;,)(k*-kj)  [l  +  0Mu+k^U,)M 


o 

■I 


I  l-(-I)'"  cos  k„al  dk 


(ki-kj„)(k;^-k*)  ll+0*(w+k^U^.)M 


I  l-(-l)"’  cos  k„al  dk„ 


-o 


.^)(ki^-k^)  li+0’(w+k^u,)M 


f  I  l-C-l)™  cos  kj^al  |- 

'  J  «ki-k|;,)(k5-k5)  L 


lt«*(u-k,Uj)’  1+9 


»(J+kxU,)J 


dk. 


(117b) 


■  /  ()".•  /  [] 

o  k' 


dk. 


where  (  1  is  the  integrand  of  Equation  (117b).  Physically  we  are  concerned  with  slow-speed 
flows.  Thus  we  conveniently  select  the  common  limit  k'  greater  than  k  but  somewhat  smaller 


than  -jj ;  i.e.,  k^  <  k^^  <  k'  < 

c  c 

For  the  first  integral,  the  ranr.e  of  integration  for  the  variable  k^  is  0  <  k^  <  k'. 
Since  k'U^.  <  w  implies  k^U^.  <  w,  the  integral  reduces  as  an  approximation  to 

k' 

2 


l+O’cj’ 


/ 


(l-(-l)"’  COS  k^a)  dk^ 


(k;-ki;,Kkj-k>) 


2 

which  is  negligible  compared  to  the  first  integral  in  Equation  (115);  note  that  <  2. 

For  the  second  integral,  the  range  of  integration  for  the  variable  k^^  is  k'  <  k^  <  «> 
where  k'  is  chosen  slightly  less  than  For  k^  <  k^  <  k'  <  k^  <  <».  the  integral  is 


r  1  l-(-l)"’  cos  k^al 

r  '  k  H  •  1 

Ll  +  O’fw-k^Uc)*  l  +  0Mw+k^Uc)'J 

k' 

Since  *^x 

j  1  1  dk^  is  a  maximum  at  c>;=kjjU, 

k' 

reduces  as  an  approximation  to 

dk. 
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2(l+2w*flM  r  IH-ir  cosk^al 

l+4w^  0^  J  k*  “‘‘x 

k' 


vhich  is  negligible  compared  to  the  first  integral  in  Equation  (115);  note  that 


2(l+2w’ 

l+4w^0’ 


<  2. 


Similarly,  the  second  integral  in  Equation  (11 7a)  is  negligible  for  k„  k^. 

Hence  in  subsequent  analyses  the  cross  acceptance  functions  will  be  assumed  to  be 
identically  zero. 


141 


APPENDIX  D 


EQUATIONS  USED  IN  COMPUTER  PROGRAM* 


D1.  CROSS-SPECTRAL  DENSITY  OF  PLATE  DISPLACEMENT 

Substituting  Equation  (113)  into  (37)  and  (116b)  together  with  (109b)  and  (111b) 
into  the  resulting  equation  we  get  (note:  ignoring  cross  acceptances,  j,  —  i  =  i 
i.e.,  t  =  n  —  mn.  Also  r  —  qr,  1  —  kl.) 


Sw(x,y|x',y';w)  =  53  Z  2  Z 
q,r  m,n  k,l  ni,n 


qrmn 


*'"<«•>)  “Ulmn  [iLmn  S(") 


E 

q.r 


“qrmn  Z  “klmn 

k,l 


i^'‘'(x'.y*) 


=  2.42  X  lO"^  p^L^S^^ApO 


•  Z  “qrmn  Z  “klmn  (118) 

q,r  k,l 


D2.  CROSS-SPECTRAL  DENSITY  OF  PRESSURE  IN  THE  CAVITY 

Substituting  Equations  (37)  and  (113)  into  Equation  (38)  and  then  (116b) 
together  with  Equations  (109b)  and  (111b)  in  the  resulting  equation  we  get  (note;  ignoring 
CTOss  acceptances,  =  Jnmmn-  ^ ’"‘ir,  1^  kl  and  {  =  x,y,z  =  x.z; 

{■h  x’.y’.z'  H  x*,z') 


*AII  of  the  working  equations  developed  in  this  appendix  have  been  programmed  for  digital  computation  except 
Equations  (124)  and  (12S)  in  Section  DS. 
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Pncediig  page  blaik 


S  (x,y,z|x',y',z';w) 


*  ^  ^  “qrmn  “kimn 


G;  (i||;w) 


Gp  (x'|V;w)  ^''’(x')  dx' 


We  evaluate  the  integrals  in  the  preceding  equation  by  use  of  Equations  (52a, b)  and  (I05b), 
observing  that  for  Gp  (x'lf)  the  symbol  x'=  x',  y'  represents  a  source  point  on  the 
surface  z  -  0,  whereas  J  =  x',y',z'  is  a  field  point  in  the  interior  of  the  cavity. 

Gp  (x'lD  dx' 

P 
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^Ip 


'«Vr  [ 

K  -  -  k?) 

1  +  i2k„A„' 

OTTX  Pity  ynz 

cos - cos -  cos - 

a  b  c 

-  '^h.y  -  k?) 

1  +  ^  ^l,P,y  ^aj3,7 

4ir^V  a,P,y=0 


where  A|^  are  obtained  from  Equation  (107). 

/  GJ  (x|i;w)  dx  is  evaluated  from  the  foregoing  result  by  letting  i  — -i, 

\ 

k— q,  1  — r  and  x,y,z  —  x',y',z',  respectively,  and  aJ3,y — -a'^^y',  respectively.  Observe 
that  for  G*  (xl|),  the  symbol  x  =  x,y  represents  a  source  point  on  the  surface  z  =  0 
whereas  f  =  x,y,z  is  a  field  point  in  the  interior  of  the  cavity.  Substituting  the  evaluated 
integrals  into  the  equation  for  Sp.  (x,y,z|x',y*,z';w),  we  get  the  cross-spectral  density  of  the 
cavity  pressures  of  any  two  field  points  in  the  cavity  located  at  x,y,z  and  x',y',z', 
respectively. 


S_  (x,y,z|x',y',z';cj)  =  1.55  x  10 


^  A^  6*2  e 
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•  < 


. _  .  _  ■  ^  « 


ZEE  ®qrmn  “iilmn  P  ^  J 

q,r  k,l  m,n  ^  I  +  0^  (w  -  2 


.  E  E 

a^,y=0  a'^',y'=0 


^a^p^y 

+  i2X^py 

(^007  ■  ^aPy  ~  , 

^  4  ^a<l7 

^  [(^ag7'  '  ^aPy  -^c)^  -  kg’g’y' 

[{^hv  '  +4  Xlyy  Ajyy] 

•  \a  \p  Aqa'  \p'  ^os  —  COS  —  cos  — 


a>rx  pny  ynz 

•  cos -  cos - cos - 

a  b  c 


(119) 


When  x',y',z'  =  x,y,z,  the  power  spectral  density  of  the  pressure  in  the  cavity  is 
represented  by  the  real  part  of  equation  (119). 
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D3.  SP'CTRAL  DENSITY  OF  POWER  RADIATED  INTO  THE  HALF-SPACE 


Substituting  Equations  (46)  and  (113)  into  (42)  and  then  (116b)  together  with 
Equations  (109b)  and  (111b)  into  the  resulting  equation,  we  get  (note;  ignoring  cross 
acceptances,  =  jmnmn*  also  s  =  l^kl,  i.e.,  ^*(x)  ^^‘(x')  =  ^'''(x")  since  x^x' , 

also  r  —  qr.) 


(„)  =  (<o) 


m,n 


E 

q.r 


E  « 

k,l 


qrmn 


“klmn 


<")  imnmn  <'20) 


■H*')  1 

iKjFU,  J, 

r- 

|ra 

1 

+  e2  (, 

-  -  Km  U,) 

*Pbl 
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Kj6*w 


U, 


c  J 


=  2.42  X  10-4  ip^w^ 


Ap  ui6*2e  x: 

m,n 


3 

E  AjKj 

i=l  ^  ' 

iH<')  1 

m 

1 

+  ©2  ( 

“  ■  K„,  Uc) 

•  E  “qrmn  E  “klmn  (121) 

q,r  k7l 

where  has  been  evaluated  for  various  interacting  modes  in  Appendix  B. 

Tl'.e  real  part*  of  Equation  (121)  represents  the  real  power  radiated  into  half-space. 
The  imaginary  part  represents  the  reactive  power  generated  in  the  half-space. 

D4.  CROSS-SPECTRAL  DENSITY  OF  PRESSURE  IN  THE  HALF-SPACE 

Substituting  Equation  (37)  and  (113)  into  (43a)  and  then  Equations  (116b),  (109b), 

and  (111b)  into  the  resulting  equation,  we  get  (note;  ignoring  cross  acceptances,  - 

inn  =  imnmn-  Also  J  =  x,y,z;  =  x',y',z'  represent  separate  points  in  the  half-space  and 
r—qr,  I  —kl). 


♦Note:  Reli(a  ♦  ib)|  =  Re|ia  -  b|  =  -  b  =  Jm  (a  +  ib>. 
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,2  .  .4 


A  p  '01.1  ^  ^  ^  '^qrmn  ‘^klmn 
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h' 
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(2irr  q.r  k,l  m,n 
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.  p 


(x')  dx' 
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[l  t02  1 
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L55  x  10^  p^w'^Apl^ 5*^0  X)  S  S  “qrmn  “Iclmn 


q,r  k,l  m,n 


/  G«*  (xir;w)  (^)  d^  /  G°  (x’lr 

yAp  A;, 


’;w)  (x')  dx' 


E 

i=l 

iH<l>  1 

iKjFU,  J 

^2  + 

1  +  0' 

(122) 


We  consider  the  expression  for  S-  (|l|';cj)  given  by  Equation  (122)  for  the  far  field 

r  2 

(r»a,b)  only  and  use  the  half-space  expression  for  G®  (x,zlX',o)=  G®  (f|x',o)  =  G®  (fix') 
given  by  Equation  (15)  with  M  =  o,  u  =  x  -  x',  «  =  k  and*  Ryj,  =  +  (y  -  y')^  (note 

Equation  (15)  is  not  identical  to  Equation  (47).  The  latter  is  a  special  case  of 


*Iii  Equation  (IS)  let  R-*-Ry,  to  symbolically  indicate,  the  dependence  of  R  on  y,  y'  and  z  only.  This  contrasts 
with  the  definition  for  R  introduced  here  (below)  which  is  dependent  on  the  coordinates  of  the  Held  point  anywhere  in 
the  half-space.  Thus  we  will  avoid  ambiguity  in  definition  and  interpretation  of  R  defined  earlier  and  now. 
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Equation  (15)  for  M  =  o,  z  =  o).  Thus,  here 


Jkr 

GJ  (x'ir;u,)  =  — ^ 

where  (see  Figure  21) 

r  =  J|xp  -  x')2  +  r2^  -  v/K  -  ^  (y?  ■ 

The  subscript  “p”  denotes  values  of  the  coordinates  at  any  point  on  the  plate. 
Now,  as  shown  on  page  70-71  of  Leibowitz^ 

r  «R  -  Fj 

where  =  x'^  +  y'^  +  z'^  and  r^  is  a  unit  vector  along  R.  Thus 


where 

X*  y*  z* 

—  =  cos  0,  ;  —  =  cos  02  ;  —  =  cos  03 

also 


rj  =  +  Jyp  +  o  •  z 


Thus,  approximately 


and 


GJ  (x'II';o,)  = 


-2jri 


JkR 


1  X 

/"r 


'  R 


I4« 


Figure  21  -  Coordinate  System  Showing  Vector  Relationships 
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We  now  use  the  preceding  material  to  evaluate  the  integrals  in  Equation  (122). 


We  let  the  acoustic  wavenumber  k— k-  =  —  to  differentiate  between  the  acoustic 

O  Q 

wavenumber  k  and  the  index  k.  Hence* 


From  Korn  and  Korn^°  (see  their  Equation  (461),  page  967) 


*ln  the  denominator  of  C”  (x'  |  f';  (4,  we  let  r— R  with  small  error. 
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Similarly 


We  use  the  preceding  results  to  evaluate  f  G°*  (x|I;w)  (x)  dx  for  field  points  at 

Ja, 

x,y,z  by  letting  k  — q,  1  — r,  x'— x,  y'— y,  z'—  z  and  i  — -i.  Thus,  substituting  the 

integral  evaluations  into  Equation  (122),  with  =  —  ,  k,  =  -,  k  =  —  ,  k  =  —  and 

a  *  b  “I  a  f  b 

kj,  =  —  we  get 


Sp^  (x,y,z|x',y',z';w)  =  6.12  x  10'^  p‘*w‘*ApU^5*2  0 


where  x,y,z  and  x',y',z'  are  any  two  points  in  the  far  field  of  the  half-space. 

D5.  ADDITIONAL  RESULTS  OF  ANALYSIS 

The  analytical  results  presented  in  this  section  have  not  yet  been  programmed  for 
digital  computation. 

(a)  Spectral  Density  of  Complex  Power  Generated  in  the  Cavity 

Substituting  Equations  (28)  and  (113)  into  (43e)  and  (116b)  together  with 
Equations  (109b)  and  (111b)  into  the  resulting  equation  we  get  (note:  in  Equation  (28) 
let  s  — 8  then  r*— s  T and  neglecting  cross  coupling  s  jn,„^n). 


•  E“qrmn  E  «tfmn 

q.r  ^  k,« 

=  2.42  X  10'^  ip^  p-  Ap  0 
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(124) 


t  _ 1 

■kj  FU,  4 

t  (u/U.)2)l 

1  + 

-  •'tn 

*  “qrmn  S  “kJmn  (cj)  . 

‘I.r  O 


where  has  been  evaluated  for  almost  hard  as  well  as  hard  walls.  The  results  are 
given  by  Equation  (106). 

The  real  part  of  Equation  (124)  represents  the  real  power  radiated  into  the  cavity. 
Tlie  imaginary  part  represents  the  reactive  power  generated  in  the  cavity. 

(b)  General  Expression  for  Cross-Spectral  Density  of  Near  and  Far  Field  Pressures  in 
the  Half-Space 

The  ge/iera/  expression  for  the  cross-spectrai  density  of  pressure  anywhere  in  the 
half-space,  Sp^ffll';^),  can  be  obtained  from  Equation  (122).  To  obtain  the  near-field 

results,*  the  integrals  involving  the  half-space  Green  function  must  be  evaluated  for  the 
vanous  types  of  modes.  Tliis  effort  is  comparable  in  size  to  that  involved  in  evaluating 
the  half-space  coupling  coefficients.  For  instance,  consider  the  evaluation  of  the  second 
integral  in  Equation  (122).  Using  Equation  (13)  with  M=o  and  subsequently  Equations 

(51)  and  (52d)  in  this  integral,  we  get,  letting  t?  =  x  -  x',  p  =  y  -  y'  and  f  =  /k^  - 

/  G«(xU';<a)^kS(-.)j-. 

K 


Jlkx’t  +  kyp-fz’l 


(x,y)  dx  dy 


dk  dk„ 
^  y 
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i(k,,x  + 
e  * 


(x,y)dx  dy 


dk,+dky 


(k^,  ky)dk^  dky 


•Hie  reiults  for  the  far  field  arc  also  included  in  the  wlulion  of  the 


general  expression  given  by  I'quation  (122). 


=  kjjkj 


1  .(-i)k  e''‘x“] 

[i-h/.'S" 

dkjj  dky 

J-xJ-x  (kj-kj 

[[  (ky-kg)  Jk 

2-k2.k2 

Following  our  earlier  procedure  in  connection  with  the  evaluation  of  Equation  (54), 
let  k^  =0  and  ky  =/}.  Then  the  integral  given  by  Equation  (125)  can  be  written 


i 


,  (x-|r;w)  (x')  dx 


-kjjkg 


"30 


r 

00 


— n - ^ 


[l  -(-l)'‘e'““ 

da  d0 

g-i|x'a  +  y'0  +  z'  n/ic^  -  a 

2.^2) 

where 


evaluates  to  two  different  functions  of  /}  according  to  /Si^k  or  0>k.  The  evaluation  of 
l|j(/?)  and  then  j  0“  (x'|i';w)  \i/^^  (x')  dx'  as  well  as  the  analogous  expression 

G°  (x|I;w)  (x)  dx,  by  contour  integration,  and  subsequently  of  Equation  (125) 

P 

is  beyond  the  scope  of  the  present  report. 
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APPENDIX  E 


EXTENSIONS  OF  THEORY 

In  this  appendix  we  discuss  the  extension  of  the  previous  theory  to  clamped-clamped 
plates  for  M  (Mach  No.)  =  0  and  to  both  simply  supported  and  clamped  plates  for  M  >0. 

El.  CLAMPED  PLATES,  M»0 

The  results  presented  in  Appendixes  B,  C,  and  D  for  M  (Mach  Number)  =  0  are 
applicable  to  simply  supported  plate  configurations.  However,  the  theory  can  be  adapted 
to  yield  results  for  clamped-clamped  plate  configurations.  This  follows  because  as  discussed 
Leibowitz  and  Wallace,^  it  is  possible  to  make  a  simplified  and  realistic  computation  for  the 
vibroacoustic  response  of  clamped-clamped  plates.  The  computation  accounts  for  certain 
similarities  and  dissimilarities  between  the  clamped-clamped  plate  configuration  and  the 
simply  supported  plate  configuration.  Tlius,  for  computing  the  vibroacoustic  response  of 
thin  clamped-clamped  rectangular  plates,  the  natural  frequencies  and  modes  are  adequately 
represented  when  the  modal  frequencies  are  calculated  by  considering  the  true  (clamped- 
clamped)  end  conditions  but  using  mode  shapes  which  consider  the  end  conditions  as 
simple  supports.  This  computation  is  valid  as  an  approximation  because  at  higher  mode 
numbers,  the  mode  shapes  assumed  by  a  clamped-clamped  plate  closely  match  those  of  a 
simply  supported  plate  whose  dimensions  are  somewhat  smaller.  On  the  other  hand,  there 
are  significant  differences  in  the  resonance  frequencies  of  these  plates.  Accordingly,  the 
concepts  discussed  in  Reference  3  can  be  used  to  adapt  the  computer  prograir  in 
Appendix  G  to  handle  the  clamped  plate  case  (with  no  cavity)  if  (a)  the  clamped-clamped 
plate  in  vacuo  and  fluid-loaded  resonance  frequencies  are  calculated  by  the  methods  of 
Reference  3  and  (b)  the  plate  dimensions  used  in  the  calculation  of  the  half-space  coupling 
coefficients  and  of  the  plate  cross-spectral  densities  are  assumed  to  be  smaller  by  the  ratios 

1.05  b 


n 

E2.  SIMPLY  SUPPORTED  AND  CLAMPED-CLAMPED  PLATES,  M>0 

Our  objective  here  is  to  compute  the  half-space  coupling  coefficients  for  simply 
supported  and  clamped-clamped  plates  for  M>0  (note  F*^f(M)). 

In  Equation  (27)  let  r— mn,  s— qr  and  note  that  (?t'|  JT)  =  G"  (Y|1f').  Tlien 

pnnqr  _  ^ 

4ir“k“ 


a  = 


1.05  a 

1+2:5 

m 
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where,  in  contrast  to  Eqimtion  (28) 


[jff  L'  G“  (x.yjx'.y*)  L  (x,y)  dx  dyj  dx'  dy‘ 


k  Gp  L  (x,y)  dx  +  i  M L  (x,y )  dxjdy  |  dx'  dy' 


Now,  inspection  of  Equation  (13)  shows  that 
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3 

Integrating  by  parts  with  u  =  L^‘'^  du  =  —  L^‘l'^dx  ,  dv  =  —  dx  and  v  =  G^  .  the 

oX  ox  “ 

last  integral  is  evaluated  as  follows 


Jo 


L  (x,y)  dx  =  G‘’  L 
3x  P 


p  A  a 

lo  Jo  ^ 
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For  cither  a  simply  supported  or  clamped  plate: 

1,1/ (o.y)  =  1^/^'''  (a.y)  =  o 


I5(. 


Hence  for  either  case: 


a'  tb' 


I  = 


L  (x,y)dx  +  i  M 
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ax 
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^ik'  n/  fb  fu 


0  Jo  Jo 


^ (x',y')  ce  (x,y|x',v ^q^  (x.y)  dx  dy  dx'  dy' 


dy  dx'  dy' 


The  expression  P’1  "qf  =  is  now  further  evaluated;  here  I  is  ei 


4jr‘k“ 


given  by  the  above 


equation,  applicable  to  either  supported  or  clamped  plates. 

In  the  foregoing  equations,  Gj^  (x,y|x',y')  is  given  by  Equation  (15)  with  /.  =  0 

(honev  R  =  ,  =  y  -  y'  and  „  =  where  d  =  ).  Ikna. 

=  =  It  is  convenient  to  write  G“  in  the  form 


(ip  (x,y|x',y')  =  g;;  (x|x')  =  G'*  =  — 


I 


+  ((Jy)- 


The  Fourier  transform  of  GJJ  (/Jp,  and  its  inverse  are  detlned  by  l-Aiuations 
(48a,b);  note  that  in  those  equations,  p  —y  here  and  the  definition  of  G'^  here  is  more 
general  than  that  of  laiuation  (47)  because  M>0.  ’’ 


15^ 


G“  (k^.ky)  =  r G°  (Tj.r)  di?  d7 

J^OO  J^oo 

1  n  r  -ik/j/i  +  \  (^7)1 

=  7/  /  GJ  (0#i47)  c  L  *  ^  J 

”  ./-oo  y-oo 

‘  jCl  '' 


dm  d(fiy) 


i(kjjij  +  k„7) 


y"  dk^  dky 


where  G"  is  given  above  and  G"  (k^,ky)  is  evaluated  at  the  end  of  this  appendix. 

Hence,  interchanging  integrals 

*[/" /*"  ‘‘^1  '"‘x  “"S 


♦  (x',y')  /  |GJ  (a,y|x’,y’)  .  GJ  (o,y|x’,y') 


dx 


i 


dy  dx'  dy' 


From  Equation  (50),  with  s-mn,  the  first  double  integral  in  brackets  is  S^„  (k^,ky). 
However,  the  second  double  integral  in  brackets  is  denoted  by 


J;,  (k,.ky>  =  / 1”  f-  *  ‘  M  0 


i(k„x  +  k„y) 

(x,y)  e  *  y  dx  dy  ;  M^O 


which  is  not  equivalent  to  Equation  (SI). 

Thus,  in  general,  for  either  a  simply  supported  or  clamped  plate  with  M^O, 


jmnqr 


=  G?  (k, .ky )  s„„  (k. .k, )i;,  (k. .ky )  dk,  dk, 
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■3 


dy  dx'  dy' 
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We  make  the  following  observations: 

1.  For  M=0,  the  second  double  integral  term  vanishes  andi/^j  —  where  ./•j 
is  given  by  Equation  (SI).  In  this  case,  the  foregoing  equation  reduces  to 
Equation  (49)  which  has  been  previously  evaluated  for  simply  supported  plates 
whose  modal  conflgurations  are  given  by  Equations  (S2a,b);  see  Equations 
(52)  -  (54). 

2.  For  M  ^0  and  for  a  simply  supported  plate,  we  can  use  Equations  (52a, b)  to 

determine  S^n'^qr  therefore  An  outline  of  the  procedure  follows 


(x,y)  *  "y'’  dx  dy 

+  i  2k  M  — \sin  k^x  sin  k_y  e'^*^**  *  *^y^^  dx  dy 
3x/ 


=  (k2  t  kj  m2)  I‘ 

ff 


+i(kjjX  +  k„y) 


sin  kqX  sin  k^y  e  *  y  dx  dy 


+  i  2k  kq  M 


+i(kjjX  +  k^y) 


cos  kqX  sin  k,y  e  *  y  dx  dy 


The  first  double  integral  is  equivalent  to  Equation  (51)  which  is  evaluated  to  (S2d).  The 
second  integral  is  evaluated  in  a  similar  manner.  Thus,  we  find 

[H)^*  -  1]  [(-1)^  e“‘y‘’  -  l] 


=  (k^kqk,  +  k^kjM^  -  2ik  k^kyk^M) 
and  using  Equation  (52c)  together  with  the  preceding  equation, 
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where 

“  kn,  kj,  kq  kj 

K2  =  k„  k„  k2  k,  m2 
Xy  =  2k  k„  k„  k,  M 
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Substituting  the  foregoing  expression  for  and  ^V(o,y) 

respectively  given  by  Equations  (52a,b)  as  well  as  the  appropriate  expressions*  for  G° 
into  the  last  expression  previously  presented  for  we  will  obtain  a  general  working 

expression  (for  simply  supported  plates  and  M>0)  which  includes  Equation  (53)  for  the 
special  case  M=0.  Detailed  evaluation  of  is  beyond  the  scope  of  this  report. 

3.  For  M  >0  and  for  a  clamped-clamped  plate,  an  additional  boundary  condition 
obtains; 


3x 


3x 


H  0 


Hence,  for  this  case, 
Jmnqr  _ 


rr.,,,, 

(2rr)4k2  J-x  J-oc  ^  " 


where  Gj  (k^,ky)  is  determined  below  and  and  x?*^  are  evaluated  for  the  mode  shapes 
of  a  clamped-clamped  plate  given  in  Reference  3.  For  the  special  case  M=0,  J*^  (kjj,k  )  — 
^  ^qr  (^x’*^y^-  Observe  that  for  this  case  and  S*^  are  again  given  by  Equations  (50) 
and  (51),  respectively,  but  and  are  now  the  modes  for  clamped-clamped  plates. 

EVALUATION  OF  G°  (k^.ky)  FOR  M>0 

From  the  previous  analysis,  the  Fourier  transform  of  the  expression  given  for 
Gp  (3hiSy)  is 


f  +  (h)~  •‘y 

/  C  ^  -If  (07) 

L 

7-«  "  “wi'i 

v'(0-i)-  +  (07)-  -• 

To  evaluate  the  second  integral  within  the  brackets,  we  use  the  inverse  transform  of 
the  equation  given  by  Gradshteyn  and  Ryzhik‘®  (see  their  formula  6.616.  page  710).  i.e.. 
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7:^77:) .  ,, 

*'■  *  \  r“  +  X" 


ft>r  (ip(a,yl\  .y'|  jnil  |  x'.y'i  jrc  ohijincd  dirciily 


-p^-.z  I '  ./  f  F  jix  sMfijiiii'u  uiiirmy  Iroin  ihi?  expression  for  lFp(\.y|\',y') 


previously  ^iven  jnd  the  expression  lor  Cptk^.kyl  is  Jciermined  below  by  im-jns  ol  the  I  i>urier  iranslorm.  I 
s|H'iial  ease  M -0  ii  will  ol  course  reduce  iti  the  expressiiin  fiiven  in  Appendix  B. 
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with 


Thus 
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X  =  Py  and 


GJ  (k^.ky) 


Let  0tJi  =  ,  then 


Therefore 


GJ  (k^.ky) 


To  evaluate  this  integral,  wc  obtain  the  Fourier  transform  of  Hj,'>  using  the  aforementioned 
equation  in  Reference  25.  namely. 
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\  r-  +  X- 


with 
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X  =  K  -*■  —•  I  =  ^  .  r  =  -  Jk.- 
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Thus 
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Cn)-  i 
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Multiplying  numerator  anil  denominator  by  i  -  J  -I 


Gp  (kx-ky) 


-(2>r)- 


Jk-  (1  -  M“)  -  2kMkx  -  (I  -  M-)  kj  -  k 


-  (2ny 


-(2n)- 
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where  we  have  used  <3*  =  I  -  M“.  k  =  ,  ■  — ^  only, 

v  I  -  M-  ^ 


GJ  (k^.ky) 


-(2ff)- 


J  kj  -  kj  -  k^ 

Kquation  (4‘))  hitherto  obtained. 


which  agrees  with  the  result  immediately  preceding 
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APPENDIX  F 

COMPARISON  OF  PRESENT  RESULTS  WITH  THOSE  OF  DAVIES 


For  convenience  in  comparing  the  present  results  with  Davies  original  work^,  we 
observe  that  his  radiation  coefficients 

*^mnqr  ~  ^mnqr  *  ^mnqr 

are  related  to  the  intermodal  coupling  coefficients  calculated  herein  through  the  following 
relations  (accounting  for  different  normalization  schemes  and  coordinate  systems)* 


mnqr 


-4pc^k 

__j^mnqr 


4pc  k 

T  = - - —  I  m  n  q  r  _  ^ 

mnqr  ^  •'x  ^  "  '‘^'"ninqr 

P 

We  now  compare  the  present  results  with  those  of  Davies  for  the  various  modal  domains 
previously  treated  in  computation;  the  comparisons  indicate  the  extension  of  Davies  results 
by  the  methods  of  analysis  used  in  this  report. 


•Compare  the  intermodal  coupling  coefficient  term  in  the  modal  e'',uation,  .'-quation  (29),  with  the  corresnondine 

XrSn  in  uSiecUon  of  phte  ® 

2  T  JenZ  Fal  iny/sT  ">  ““d  by  Bavies.  Further,  the  normalization  constant  for 

*'mn_'^qr  Equation  (52)  is  equal  to  unity  whereas  Davies  used  a  normalization  constant  of 

^  '‘'mn  '“'qr- 


W^pjmnqr  ^  jj^mnqr  ^  ^  j^mnqrJ^^J^  ^  . 
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FI.  TWO  Y-EDGE  MODES 

Two  Y-edge  modes,  >  k;  k^  =  k^  <  k 

Using  Equation  (69b), 


In  the  limit  «  k^;  k^^,  k^  »  k  and  ka  »  n  (for  which  (ak)  «  I );  see 

special  Case  3  following  Equation  (69c); 


kb 


mnqr 


nr 


which  is  identical  to  Davies*  original  approximation  given  by  Equation  (B43)  or 
Equation  (B46)  of  Reference  5. 

Using  Equation  (69c)  with  the  limiting  conditions,  k^  =  k^  «  k^;  k^  »  k^  »  k“ 
(■a)  s*-**-'  special  Case  4  following  Equation  (69c) 
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-b 

kb 


which  is  in  good  agreement  with  Davies  original  approximation 
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kb 

kmkq 
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In 


mn 


nr 
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n='/^ 


+  kt 
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given  by  Equation  (B32)  or  the  first  term  on  the  right  hand  side  of  Equation  (B40)  of 
Reference  4. 


•In  comparing  the  present  results  with  those  in  References  5  and  4  the  reader  should  (as  the  author  did)  make  the 
appropnate  interchange  of  symbols  in  going  from  x-edge  modes  to  y^-dge  modes  and  conversely;  similar  relabeling  shoul 
be  made  for  the  other  modal  domains. 
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Tho  Y-fdge  modes.  *,,,  =  A:^  >  k.  =  k^  ck 

Using  Equation  (70c)  with  ka«|.  corresponding  to  special  Case  I  following 
Equation  (70d).  the  results  for  aa-  seen  to  be  a  particular  case  of  the  preceding 

results  for  corresponding  to  m  =  q  and  n  =  r 

-  ^  ^ 

^mnqr  “a  ■,  *mq  *nr 

f  ‘‘m 

It  therefore  agrees  with  Equation  (43)  or  (B4(>)  of  Reference  5. 

Using  Equation  )70d)  with  +  k*  »  k*.  corresponding  to  special  Case 

following  Equation  (70d), 


which  IS  identical  to  Davies  original  approximation  as  given  b>  Equation  (B34(  of 
Reference  4 


F2.  CORNER  MODES 

Twi)  lonter  modes.  k^  >  k.  A,,,  k^  >  k 

Using  Equation  (73b), 


which  is  identical  to  Davies  original  approximation  as  given  by  Equation  (B27)  of 
Reference  5. 

Using  Equation  (74)  with  k„,  =  k^^.  k^  =  k,. 
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*mq  *nr 
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for  ki„  =  k: 


+  k-  »  k“ 


which  IS  identical  to  Davies  original  approximation  as  given  by  Equation  (B3‘»)  of 
Reference  4 


F3.  Y-EDGE  -  ACOUSTICALLY  FAST  <AF)  MODES 

Y-edge  -  acoustically  fast  modes.  k^.  <  k;  k^  >  k 

Using  Equation  (80),- 


mnqr 


r  (-1)*"  kg  b  /  ^ - -V 

\  L(lc2-k^kJ)(k2-k5-k2) 


nr 


For  the  limiting  condition  k^.  k*  =  k*  «k2;  »  k^  corresponding  to  the  first  special 

case  following  Equation  (81), 
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-4pCok  r (-!)"'  k.„  k^  b  (ak)-) 

L  2k2  (-k2)  J 


(-1) 
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^  A  k  k 


-  ^  -  -q 

The  Davies  result  is  for  large  ka  (ka»l)so  we  can  use  the  approximation 


yielding  for 
a  result 


the  result  given  by  special  Case  2  following  Equation  (81). 


We  obtain 


4PS  km 


S  = 

rrA.,  k  k„  s/2  ka 


cos(ka 


nr 


which  is  identical  to  Equation  (B48)  of  Reference  5. 

Using  the  third  special  case  for  following  Equation  (81),  we  get  for  k^^,  k^. 


1<2  t  kl  «  k2  «  k2 


4pc„k 


mnqr 


k„,  b  (-1)"'  (k^b)  (ka) 

In  2.4  +  ■ 
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ffA, 


k„  k^ 


nr 


166 


because  the  second  term  in  brackets  on  the  right  hand  side  predominates*  for  ka  »  I .  Davies 
gets 


-4pc„ 


mnqr 


kb 


'm 


k^  k2 


which  is  close  to  the  result  that  would  be  obtained  considering  the  first  term  in  brackets 
on  the  right  hand  side  to  predominate.  It  appears  as  if  Davies  did  not  obtain  the  correct 
dominant  term  for  this  case. 

F4.  Y-EDGE  -  CORNER  MODES 

Y-edge  -  corner  modes.  >  k:  k,,  <  k:  k^  >  k 

Using  Equation  (82) 
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For  the  first  special  case  following  Equation  (83),  with  In  7^ — »  -  2  — 
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K  •‘m  kq 

which  is  identical  to  Equation  (B34)  of  Reference  5. 
Using  Equation  (83) 


4pCok 


mnqr 


k  -  k. 


27rk,.  k_ 
r  m 


In 


k  +  k 


n 


mq 


For  the  second  special  case  following  Equation  (83)  In  ~ 

k  +  kn  “  k 


»l  o,  ^eater  exactness,  we  add  that  for  1  <.  ka  ^  10  both  terms  are  of  the  same  order  lor  any  given  values  of  k 

n«t  SEVSIil!  to  the  response  llixed  q.  variable  m)  is  greater  for  the 

first  term  than  for  the  second  term  due  to  the  lluctuating  sign,  associated  with  t-lpn,  in  the  latter  term. 
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The  Davies  result,  given  by  Equation  (B4I)  of  Reference  4,  namely, 
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not  in  agreement  with  the  preceding  result  for  If.  however.  k‘»k“  =  kjj,. 


then  k2^  =  k“  +  k;  «  k;  and 


ninqr 


,  '‘n  K 

TaT  ““  3Tr  ‘"'H 
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Now  we  recall  that  the  approximation  for  In 


k  -  k^ 
k  +  k. 


cancelled  the  "k"  in  the  numerator 


m  both  of  the  original  and  T„,nqf  equations  presented  in  this  section  and  that  the 

resulting  (final)  equation  for  which  does  not  contain  "k”  ,  is  identical  to  Davies 

corresponding  result.  Hence,  it  seems  plausible  that  the  final  equation  for  ^  should 
not  contain  a  “k”  either.  In  fact,  if  in  the  preceding  equation  k  — k^,  then  Davies  results 
and  those  derived  here  are  compatible.  The  author  therefore  surmises  that  “k”  in  the 

preceding  equation  may  possibly  be  due  to  a  typographical  error  and  should  be  replaced 
by  “k^”. 


F5.  ACOUSTICALLY  FAST  (AF)  MOOES 

Two  acoustically  fast  modes.  it,,,  it,^.  A,.  <  k 

Using  Equation  (86a).  for  k,„  =  k^;  k„  =  k, 
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which  agrees  with  hquation  (B39)  ol  Reference  5  if,  in  accorilance  with  I'!(|iiatiun  (B36)  of 
the  reference,  we  include  the  conirihution  of  in  the  derivation,  i.e..  if  k;j,  If 

we  do  take  k“,  «  k".  then  the  above  result  is  identical  to  lu|ualion  (B3‘)i  of  the  reference. 
And  it  we  take  k“j.  k*  «  k*.  then  the  result  is  identical  to  li(|uation  tB40)  or  the  first 
term  of  Hquation  (B4‘))  of  the  reference. 

Using  Hquation  (87)  with  k,„  p  k^|.  k^,  =  k. 
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Now  lor  kfj,.  kj].  k“,  k"  «  k“  and  for  large  ka.  corresponding  to  special  Case  I  following 
Equation  (90) 
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which  is  identical  to  the  third  term  of  lujuation  (B49)  of  reference  5.  except  for  sign; 
inspection  of  Equations  (B37)  and  (B45)  of  the  reference  indicates  that  the  Davies  sign 
appears  to  be  in  error. 

Using  Equation  (90),  we  can  obtain  an  expression  for  which  holds  for 

kn  =  kf  <  k;  k,^  ^  k^^  <  k.  However,  from  special  Case  2  following  Equation  (90)  we 
observe  that  ^  0  (since  ^  q)  for  kj,,  k^,  kj^  +  k“  «k^  k^,  k^. 


k2  +  k‘  «  k^ 


I\2 


«  k^ 


This  agrees  with  the  Davies  rmdings  as  given  on  page  66  of 


Reference  4. 


F6.  EDGE  MODES 

Two  edge  modes.  A„,.  A:,,,  <  A,  Aj),„.  k~^  >  k~ 

Using  Equations  (91  c)  and  (92),  i.e..  for  the  conditions  k„  =  k^,  k,„  f  k^|. 
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which  is  identical  to  Equation  (B46)  or  liquation  (B32)  (ignoring  the  negligible  last  term) 
of  Reference  5. 

Using  liquations  (94)  and  (95),  i.e.,  for  the  conditions  k^  =  k^.  ^  k^^,  with 

and  considerini!  onlv  the  first  term  of  the  summation  in 
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since  the  second  term  in  brackets  predominates.  Davies  does  not  appear  to  give  a  corres¬ 
ponding  result  for  Tlierefore  no  comparison  can  he  made. 

In  computer  calculations,  the  intermodal  coupling  coefficients  evaluated  here  are 
more  generally  and  easily  used  than  the  more  limited  evaluations  by  Davies;  see  Davies^ 
and  Leibowitz^’*  for  further  discussion  and  application  of  the  coefficients. 
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APPENDIX  G 


COMPUTER  PROGRAM 


G1.  PROCEDURES 


The  compiUcr  program  which  Ibllows  inechani/es  lour  ei|ualions: 
hAiuation  (118)  cross-speciral  density  of  plate  displacement 

liquation  (119)  cross-s|>cctral  density  of  pressure  in  the  cavity 

l.quation  (121)  spectral  density  of  power  radiated  into  the  half-space 
liquation  (123)  cross-spectral  density  of  pressure  in  the  half-space 
Tlie  basic  hypothesis  is  that  the  response  and  radiation  can  be  adeipiately  described 
by  the  resonant  modes  ot  the  plate.  Since  we  are  concerned  with  frequencies  below  the 


critical  frequency,  all  resonant  modes  of  interest  are  acoustically  slow  (k,„„  >  k).  Although 
fast  moiles  exist  at  these  resonance  fret|uencies.  they  are  all  mass-controlled  (nonresonant). 
Davies  has  shown  that  tor  heavy  tluid  loading,  only  a  few  modes  (perhaps  only  one  or 
two  which  are  resonant  near  the  excitation  frequency)  are  responsible  for  the  measured 
response  and  radiation.  Tims,  the  program  searches  for  those  modes  whose  (tluid-loaded) 
resonances  are  close  to  the  excitation  treiiuency  and  the  intermodal  coupling  coefficients 


are  calculated  only  for  those  modes.  It  is  further  assumed  that  the  excluded  “nonresonant” 
motles  are  not  strongly  coupled  to  the  resonant  modes.  In  this  fashion,  the  matrix  of 
®qrmn  **  relatively  small,  essentially  deiK'iulent  only  on  the  effective  bandwidth  of 

the  resonant  modes;  thus  the  summations  involved  in  the  eiiuations  are  quite  restricted. 


As  stated  above,  the  program  must  determine  the  modes  to  be  used  before  begin¬ 
ning  the  calculation  ot  the  spectral  quantities.  Tlie  exact  resonance  frequencies  of  the 
modes  are  quite  ditflcult  to  determine.  Neglecting  cross-coupling  terms  as  well  as  all 
damping  terms,  the  resonances  are  very  near  the  frequencies  determined  by  the  homo¬ 
geneous  modal  equation  obtained  from  Equation  (29). 


-  (pjU'nmn  .  ^jmnmn|  =  q  ^,26) 

where,  by  Equation  (22),  Re  (Y,„„)  =  -  w".  However,  the  fluid-loaded  mode 

resonances  can  be  estimated  with  sufficient  accuracy,  as  (.sec  proof  below) 
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(127) 


The  value  ol  must  lie  within  a  mcHlal  bandwiilth  ol  the  excitation  freque'iicy  for  the* 
moilc  lo  be  selccled.  The  resultant  is  never  used  in  the  <alculation.  Once  the  mode 


r  I 


is  selected,  the  final  answer  will  be  based  on  the  actual  response  of  that  mode,  the  exact 
resonance  frequency  of  which  will  be  close  to  but  not  necessarily  equal  to  Tlie 

exact  resonance  frequency  is  never  needed  in  the  calculation. 

The  program  is  designated  as  an  experimental  program.  Program  development  was 
intended  to  determine  basic  operational  feasibility  with  only  limited  data  input  and  output 
capabilities.  The  program  is  written  in  FORTRAN  IV. 

Proof  of  Equation  (127) 


In  Equation  (A33)  of  Reference  4  and  (by  an  alternative  procedure)  in  Equation 
(C7)  of  Reference  6,  it  was  shown  that  the  resonance  frequencies  of  a  plate  in  an  infinite 
rigid  baffle  and  subject  to  fluid  loading  on  one  side  can  be  represented  with  sufficient 
accuracy  by  the  frequency  -  wavenumber  relation* 


mn 


mn 


where 


(•‘m  ‘‘n  -  h 


for  k 


mn 
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p  =  density  of  the  fluid 

m  =  Pjf,  is  the  structural  mass  per  unit  area  of  the  plate 

♦'mn  “  *^n  '  ^  ”  (*^mn  *  “  the  eigenvalue  for  the  fluid-loaded 

plate  which  is  real  for  acoustically  slow  modes 


added  mass  per  unit  area  of  the  fluid  in  the  half-space; ^ee  Equation  (A28) 
Reference  4. 


Tlie  fluid-loaded  mode  resonances  for  a  plate-cavity  system  can  be  estimated  with 
sufficient  accuracy  by  including  the  effects  of  the  cavity  loading  in  the  above  formulation. 
Following  Pretlove'^,  but  accounting  for  the  different  coordinate  systems,  we  now  deter¬ 
mine  this  effect  for  a  blocked  (rigid)  cavity;  note  however,  that  the  cavity  is  bounded  by 
a  flexible  vibrating  plate.** 

Tlie  sound  field  within  the  cavity  is  governed  by  the  nondissipative  linear  wave 
equation  of  acoustics  for  a  homogeneous,  loss  and  source-free  medium  at  rest. 


*This  equation  accounts  for  autocouplin)!  only.  Tlie  rrcquenc^-wavenuniber  relation  accounting  for  both  modal 
autocoupling  and  modal  cross  coupling  for  the  plate  is  given  by  I'quations  (C'2S)  or  (('29|  of  Reference  6.  Introduction 
of  cavity  effects  including  both  types  of  coupling  requires  estension  of  the  following  analysis  for  the  cavity. 

••The  approach  is  somewhat  similar  to  that  used  by  Dyer  wlwrein  all  of  the  interior  surfaces  except  the  pLte  were 
assumed  to  be  pressure  release  surfaces;  sec  pages  22-25  of  Reference  I. 
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Assume  a  general  solution  for  the  wave  equation  in  the  form  of  normal  modes  m,n 


0(x.y.z,t)  =  cos - cos  —  h,„„(z) 


Substituting  the  modal  expression  for  0  into  the  wave  equation,  we  get  the  second  order 
homogeneous  ordinary  differential  equation 

“  ^iiin  ® 

where  the  dashes  denote  differentiation  with  respect  to  z.  and  where 


'mn  '’mn  '  "  *'"  [( J  ^  (b)  J  ’  ~ 


is  a  real  positive  quantity  for  modes  whose  frequencies  lie  below  the  critical  frequency. 

Since  all  interior  surfaces  except  that  for  the  vibrating  plate  are  treated  as  rigid, 
thus  excluding  the  effects  of  absorption  at  the  walls,  the  boundary  conditions  for  the 
velocities  are 


90  ^ 

u  =  —  =  0 
9x 


w  = 


w  = 


90 

"ay 

90 

9z 

90 


at  X  =  0,  a 
=  0  at  y  =  0,  b 

=  w_(x.y,t)  at  z  =  0 


=  0 


at  z  =  c 


where  u,v,w  are  the  displacements  of  the  cavity  walls  along  x,y,z,  respectively. 
Tlie  solutions  for  the  differential  e(|uatiuns  are: 

=  ^mn  ^‘mn  +  Kui  '■ 

~  ^mn  ^nin  '  ^mn 


From  the  boundary  condition  ^  =  0  at  z  =  c 


®  ~  ^mn  *'mn  ^'^mn 


whence 


'^nin  *  ®mn  ^mn'' 

®mn  ^mn  ^mn*' 

30  _ 


From  the  boundary  condition  =  Wp  at  z  =  0,  suppressing  the  temporal  variation  e' 

.  »  mjTX  niry  r  ^  1 

Wp(x,y)  =  j;  cos  —  cos  —  p,„„  sinh  (0)  +  B„,„  cosh  (0)J 


m,n 


m,n 


Emjrx  niry 

cos  cos  -g-  #in,n  B,„„ 


Alternatively, 


Emnx  njry 

cos  —  cos  —  A,„„  tanh  p,„„c 

m.n  ^  ° 


Knn(z)  =  A,nn  p,„„c  sinh  p,„„zj 


Therefore, 


™  mirx  mry  .  r  .  ,  .  ,  I 

^mn  =  L  ‘■'o*  ~r  TT  psh  p^^z  -  tanh  p,„„c  sinh  p^„z 

m,n  a  D  L  J 


and 

8z 


=  w. 


z=0 


(x.y)  =  Y,  —  cos  ^  A^„  P„,„  sinh  (0)  -  tanh  p^^c  cosli  (0) 
m,n  a  b  I 


^  mnx  nrry 

^iiin  ^n;n  cos  —  cos-—  tanh  P|„„c 
ni,n  " 


whicli  verifies  our  preceding  result  for  Wp(x.y). 


i(wt  +  0) 


Since  the  plate  pressure  p'  =  Pp-ff  .  then  the  modal  pressure  (pressure  for 

_ r\  ^  • _ 


■1=0 


z=0 


a  given  mode)  at  the  plate  is  (after  suppressing  e"^**^* 


•  ,  mirx  nwy 

Pnin  =  -  ^nn  ‘■0*  —  ‘■'O* 

z=0 


and  the  modal  impedance 

Zn,n(x.y.z)| 


^nin 


-  lu  p^  coth  p„,„c 


=  -  lu)  m„ 


‘inn 


Hence  the  added  mass  per  unit  area  due  to  the  fluid  enclosed  by  the  cavity  is 

^mn'" 


me  = 


mn 


p^  coth  k,„„c 


for  k„,„  >k 


'mn 


The  total  added  mass  per  unit  area  accounting  for  fluid  loading  on  both  sides  of  the 

P 


plate,  i.e.,  considering  half-space  and  cavity  fluid  loading,  is  therefore  mm,3|  added  mass  “ 
Pc  coth  k„^nC 

^ -  Hence,  incorporating  the  total  added  mass  into  the  formulation  for  f„,^ 

kr 


^nn 


'mn 


f. 


mn 


f 


mn 


mn 


P  +  Pg  coth  kp,pC  •'^tolal  added  mass 

1  + - T -  1  +  - 

m  kj^^  J  L 


:  k,„„  >  k 


,1/j  ■  ■'mn 


m 


which  represents  the  completion  of  the  proof. 


I'ui  the  impedance  Z 


mn  (w  1 

'  p’mn 


the  lemptiral  facu»r%  lor  P _ and  would  cancel  if  included 

'  mn  mn 


G2.  INPUT  DATA  FORMAT 


There  are  29  input  data  cards.  Cards  1-4  require  certain  physical  parameters  to 
define  the  plate  cavity  system  and  its  excitation.  Card  5  is  the  control  card  used  to 
specify  the  spectral  quantity  (or  quantities)  to  be  calculated.  Cards  6  and  7  arc  used  to 
specify  the  frequencies  at  which  the  calculations  are  to  be  made.  Cards  8-17  can  be 
used  to  specify  up  to  10  points  on  the  plate  for  which  cross  and  power  spectral  densities 
are  to  be  calculated.  All  combinations  of  point  pairs  will  be  calculated. 

Cards  18  20  are  used  to  input  from  one  to  three  coordinate  points  in  the  cavity 
and  Cards  21-23  up  to  three  other  points  in  the  cavity  for  which  the  cross-spectral 
densities,  paired  with  the  locations  given  on  Cards  18-20,  are  to  be  calculated.  Tliat  is. 
each  point  or  location  in  the  cavity  specified  on  Cards  18-20  will  be  paired  with  each 
point  on  Cards  21-23.  Thus  to  get  the  PSD,  a  point  appearing  on  one  of  Cards  18-20 
must  also  appear  on  one  of  Cards  21-23.  Cards  24  26  and  27  29  iK*rform  the  identical 
functions  in  the  distant  far  field  in  the  half-space.  Tlie  data  cards  are  specified  as  follows 

Card  I  (bFIO.O) 


Variable 

Columns 

Description 

A 

1  10 

Plate  dimension  in  x-direction  (ft) 

B 

11-20 

Plate  dimension  in  y-direction  (ft) 

C 

I 

o 

Cavity  depth  (ft) 

ALFA 

31-40 

Cavity  wall  absorption  coefficient  (n.d.) 

RH<|)C 

41-50 

Fluid  density  in  cavity  (Ib/ft^) 

CSC 

51-60 

Sound  speed  in  cavity  lluid  (ft/sec) 

Card  2  (4F  10.01 

Variable 

Columns 

Description 

AH 

1  10 

Plate  thickness  (ft) 

RH(t)P 

II  20 

Plate  density  (lb/ft“^) 

CL 

21  30 

Dilatational  wave  speed  in  plate  (ft/sec) 

ETA 

31  40 

Plate  structural  damping  loss  factor  (n.d.) 

r< 


Card  3  (2F10.0.  EIO.3.  FIO.O,  EI0.3.  FIO.O) 


Variable 

Columns 

Description 

RH0 

1-10 

Half-space  fluid  density  (Ib/ft^) 

U 

11-20 

Free-stream  velocity  (ft/sec) 

ANU 

21-30 

Kinematic  viscosity,  half-space  fluid  (ft^/sec) 

AX 

31-40 

Distance  from  plate  center  to  turbulence-inducing  leading 
edge  (ft) 

THETA 

41-50 

Turbulence  eddy  decay  period  (sec) 

CS 

51-60 

Sound  speed  in  half-space  (ft/sec) 

Card  4  (6F10.0) 

Variable 

Columns 

Description 

A1 

1-10 

A2 

11-20 

Maestrello  TBL  constants  (n.d.)  [References  1,12] 

A3 

21-30 

K1 

31-40 

(See  Glossary  of  Symbols) 

K2 

41-50 

K3 

51-60 

Card  5  (412) 

Variable 

Columns 

Description 

IDl 

1,2 

Flag:  l=compute  S,^,  ,  0  =  do  not  compute 

1D2 

3,4 

Flag:  2=compute  Spj  ,  0  =  do  not  compute 

1D3 

5,6 

0  Y  t 

Flag:  3=compute  Wj.gj  ,  0  =  do  not  compute 

1D4 

7,8 

Flag:  4-compute  Sp2  ,  0  =  do  not  compute 
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Cards  6  and  7  (8FI0.0I8FI0.0) 

Variable  Columns  Description 

FREQ(l)  1-10  First  frequency  to  be  calculated 

FREQ(2)  11-21  Second  frequency  to  be  calculated 

•  • 

•  0 

■  • 

FREQ(8)  71-80  Eighth  frequency  to  be  calculated 

FREQf  7)  1-10  Ninth  frequency  to  be  calculated 

•  • 

•  ■ 

•  • 

FREQ(16)  71-80  Sixteenth  frequency  to  be  calculated 

Note:  If  only  FREQ(l)  through  FREQ(n)  are  to  be  calculated,  set  FREQfn+l)  through 
FREQ(16)  =  0.0 


Cards  8- 

17  (2F8.0,  9  (I2F8.0) 

Variable 

Columns 

Description 

XP(1) 

1-8 

X-coordinate  or.  plate,  point  1  (in) 

YP(1) 

9-16 

Y-coordinate  on  plate,  point  1  (in) 

XP(2) 

1-8 

X-coordinate  on  plate,  point  2  (in) 

YP(2) 

9-16 

Y-coordinate  on  plate,  point  2  (in) 

XP(IO) 

1-8 

X-coordinate  on  plate,  point  10  (in) 

YP(IO) 

9-16 

Y-coordii.:itc  on  plate,  point  10  (in) 

Note:  If  only  coordinate  pairs  (XP(I),  Y?(l)|  through  [XP(n),  YP(n)l 

calculated,  set  coordinate  pairs  [\P(n+l),  YP(ii+l)]  through  [XP(IO),  YP(IO)]  = 
0.0 
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Cards  18^20  ( 3F3.0I3F8.0I3F8.0) 


Variable 

Coluir.ns 

Description 

XCd) 

18 

X-coordinate  in  cavity,  point  1  (in) 

YC(I) 

9  16 

Y-coordinate  in  cavity,  point  1  (in) 

ZC(1) 

17  24 

Z-coordinate  in  cavity,  point  1  (in) 

XC(2) 

1-8 

X-coordinate  in  cavity,  point  2  (in) 

YC(2) 

9  16 

Y-coordinate  in  cavity,  point  2  (in) 

ZC(2) 

17-24 

Z-coordinate  in  cavity,  point  2  (in) 

XC(3) 

18 

X-coordinate  in  cavity,  point  3  (in) 

YC(3) 

9  16 

Y-coordinate  in  cavity,  point  3  (in) 

ZC(3) 

17-24 

Z-coordinate  in  cavity,  point  3  (in) 

Note:  If  only  one  point  (or  two  points)  to  be  used  to  calculate  cross-spectral  densities 
with  those  cavity  locations  to  be  specified  on  Cards  21  24,  set  the  remaining 
points  to  0.0.  If  XC(2)  =  0.0,  only  coordinate  position  |XC(1),  YC(I),  Z^XOl 
will  be  calculated.  Similarly  if  XC(3)  =  0.0,  only  the  coordinate  locations  (.m 
Cards  18  and  19  will  be  calculated. 

Cards  2/2 

(3F8.()  I3F8.0I3F8.0) 

Variable 

Columns 

Description 

XIC(I) 

1  -8 

X'-coordinate  in  cavity,  point  1  (in) 

YIC(I) 

9  16 

Y'-coordinate  in  cavity,  point  1  (in) 

ZIC(I) 

17-24 

Z'-coordinate  in  cavity,  point  1  (in) 

XIC(2) 

18 

X'-coordinate  in  cavity,  point  2  (in) 

YIC(2) 

9  16 

Y'-coordinate  in  cavity,  point  2  (in) 

ZIC(2) 

17  24 

Z'-coordinate  in  cavity,  point  2  (in) 

XIC(3) 

18 

X'-coordinate  in  cavity,  point  3  (in) 

YIC(3) 

9-16 

Y'-coordinate  in  cavity,  point  3  (in) 

ZIC(3) 

17  24 

Z'-coordinate  in  cavity,  point  3  (in) 

Note:  If  X1C(2)  =  0.0,  only  location  IXIC(I).  YIC(I),  ZIC(1)1  will  be  calculated.  If 
XIC(3)  =  0.0,  locations  on  cards  21  and  22  will  be  calculated. 
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Cards  24-26  (3F8.0I3F8.0I3F8.0) 


Variable 

Columns 

Description 

Xl(l) 

1-8 

X-coordinate  in  half-space,  point  1  (in) 

Yl(l) 

9-16 

Y-coordinate  in  half-space,  point  1  (in) 

Zl(l) 

17-24 

Z-coordinate  in  half-space,  point  1  (in) 

Xl(2) 

1-8 

X-coordinate  in  half-space,  point  2  (in) 

Yl(2) 

9-16 

Y-coordinate  in  half-space,  point  2  (in) 

Zl(2) 

17-24 

Z-coordinate  in  half-space,  point  2  (in) 

Xl(3) 

1-8 

X-coordinate  in  half-space,  point  3  (in) 

YI(3) 

9-16 

Y-coordinate  in  ha*lf-space,  point  3  (in) 

Zl(3) 

17-24 

Z-coordinate  in  half-space,  point  3  (in) 

Note:  Comments  on  Cards 

18-20  are  applicable. 

Cards  27- 

-29  (3F8.0/3F8.0I3F8.0) 

Variable 

Columns 

Description 

X2(l) 

1-8 

X'-coordinate  in  half-space,  point  1  (in) 

Y2(l) 

9-16 

Y'-coordinate  in  half-space,  point  1  (in) 

Z2(l) 

17-24 

Z'-coordinate  in  half-space,  point  1  (in) 

X2(2) 

1-8 

X'-coordinate  in  half-space,  point  2  (in) 

Y2(2) 

9-16 

Y'-coordinate  in  half-space,  point  2  (in) 

Z2(2) 

17-24 

Z'-coordinate  in  half-space,  point  2  (in) 

X2(3) 

1-8 

X'-coordinate  in  half-space,  point  3  (in) 

Y2(3) 

9-16 

Y'-coordinate  in  half-space,  point  3  (in) 

Z2(3) 

17-24 

Z'-coordinate  in  half-space,  point  3  (in) 

Note:  Comments  on  Cards  21-23  are  applicable. 


180 


63.  OUTPUT  VARIABLES 


Output  variable  names  are  as  follows  (for  variables  refer  to  the  Glossary  of 
Symbols); 


Variable 

Name 

Units 

f 

mn 

FMN 

Hz 

f 

mn 

FMNB 

Hz 

km„ 

mn 

KMN 

in"^ 

S^^,(xl  jTiw) 

SW 

in"^/(rad/sec) 

Sp.«|f’;w) 

SPI 

(lb/in^)2/(rad/sec) 

0“* 

SPOWER 

(lb-in/sec)/(rad/sec) 

Sp2(lir:co) 

SP2 

(Ib/in^)^/(rad/sec) 

64.  PROGRAM  OUTPUT 

Given  below  is  the  program  output  format: 

1 

RESPONSE  AND  RADIATION  OF  WATER-LOADED  PLATE  CAVITY  SYSTEM 
SUBJECT  TO  BOUNDARY  LAYER  TURBULENCE 

CAVITY  SIZE  A  = -  B  =  - C  = _  WALL  ABSORPTION  =  _ 

PLATE  THICKNESS  = _  LOSS  FACTOR  = _ 

FREE-STREAM  VELOCITY  = _  BOUNDARY  LAYER 

DISPLACEMENT  THICKNESS  =  _ 

Cavity  size,  plate  thickness,  and  boundary  layer  displacement  thickness  are  in  in., 
free-stream  velocity  in  ft/sec. 

2 

FREQUENCY  = _ 

J  M  N  FMN  FMNB  KMN 

1  -  -  - 

2  -  -  - 


JMAX  - 
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3 


FREQUENCY  = _ 

REAL  PART  OF  ALPHA  MATRIX 
A(l,l)= _  A(l,2)  = - 


4 

FREQUENCY  = _ 

IMAGINARY  PART  OF  ALPHA  MATRIX 
A(I,1)= _  A(l,2)  = - ••• 


Dimensionally,  the  real  and  imaginary  parts  of  the  ALPHA  matrix  (aqmm^ 
in/lbf. 

The  desired  spectral  densities  will  be  written  in  the  following  formats. 

5 

FREQUENCY  = _ 

CROSS  SPECTRAL  DENSITY  OF  PLATE  DISPLACEMENT 
SW  =  CW  -  SQRT  (-1)*  QW  (IN**2)/(RAD/SEC) 

(Xl.Yl)  {X2,Y2)  CW  QW 


Tlie  cross-spectral  density  functions  are  given  in  terms  of  the  coincident  spectral  density 
functions  and  the  quadrature  spectral  density  functions. 
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6 


FREQUENCY  = _ 

CROSS  SPECTRAL  DENSITY  OF  INTERNAL  PRESSURE 
SPI  =  CIP  -  SQRT(-I)*QPI  ((LB/IN**2)**2)/(RAD/SEC) 
(XI,YI,ZI)  (X2,Y2,Z2)  CPI  QPI 


7 

SPECTRAL  DENSITIES  OF  RADIATED  POWER 
SPOWER  =  CPOWER  -  SQRT(-l)*QPOWER  ((LB-IN)/SEC)/( RAD/SEC) 
FREQUENCY  (HZ)  CPOWER  QPOWER 

8 

FREQUENCY  = _ 

CROSS-SPECTRAL  DENSITY  OF  FAR-FIELD  PRESSURE 
SP2  =  CP2  -  SQRT(-l)*OP2  ((LB/IN**2)**2)/RAD/SEC) 

(XI,  YI,  Zl)  (X2,  Y2,  Z2)  rP2  0P2 


Following  completion  of  the  spectral  densities  calculation,  the  frequency  is  incremented. 

G5.  PROGRAM  LISTING 

The  experimental  program  listing  follows.  The  main  program  requires  Subroutines 
CPMINV,  MATINS,  BESJ,  and  Function  Subprogram  HANK.  Tliese  are  also  listed. 
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c 

c 

c 

r. 

c 

r 

r 

r 

c 

c 

r 

c 

c 

c 

c 

c 

r 

c 

c 

c 

r 

r 


Pnpr  (TAPFS=tM«»UTtTAPF6=0UTPilT) 

FXPFPIM£MTAI.  PW0«-<A'1  -  .»On  117891 

P-»OGrtAM  rOMPilTFS  TMr  PFSPONSE  A9D  RADIATION  OF  A  FLUID  LOADED 
PLATF  CAVTTY  SYSTFm  OwTNG  TO  ROUNDARY  LAYER  TURBULENCE  EXCITATION 
TRL  IS  OtSCRlHFD  «V  THF  MAESTRELLO  CORRELATION  FUNCTION 
CALCIIlATIOM  is  3AStn  on  RESPONSE  AND  RADIATION  OF  RESONANT 
ACOUSTICALI  Y  MOW  MOOFS  (FOEOUENCIES  BFLOR  THE  CRITICAL  FRFOUENCT) 

coupling  of  resonant  A/s  modes  is  included 
the  FOLLOMINIi  OJANTTTTFS  apf  computed: 

(A)  THF  MARROM  HANO  POWER  SPECTRAL  DENSITY  DR  CROSS  SPECTRAL 
PI. ATE  DISPLACEMENT 

RAND  POWER  spectral  density  OR  CROSS  SPECTRAL 
CAVTTY  acoustic  PRESSURES  FOR  HARD  OR  ALMOST 


H) 


C) 


(0) 


density  of 

THF  NARROW 
DFf4SITY  OF 
HARD  walls 

THF  narrow  rano  spectral  density  of  power  radiatfo  into 

THF  MALF-spaCF  amove  the  PLATE 

THF  NARROW  hand  POWER  SPECTRAL  DENSITY  OR  CROSS  SPECTRAL 
density  OF  PRESSURE  IN  THE  DISTANT  FAR  FIELD 
PFO'HTES  SUMPOMTINFS  CPMINVt  MaTINS«RESJ  ANO  FUNCTION  SUBPROGRAM 
HAN<  /  CALCULATIONS  PERFORMED  IN  UNITS  OF  |.0t  IN*  SEC 
CAVITY  WALL  ARSORPTiON  COFFFICIENT  TASEN  AS  A  CONSTANT 
PLATF  MODES  STpjcTUPAI  DAMPING  TAKEN  IDENTICAL  FOR  ALL  MODES  - 
CONSTANT  TndF pendent  OF  FPFOUFNCY 

alpha.  ALPHC.  Y.  AJ.  AI  •  SW  •  PSIKL  »  PSIOR 
s*  SPI,  rsiJMl,  CSUM4*  CSUMS.  CSJM6.  CSUMT.  CSUMR 
CSUUQ*  rsiiMin*  SROWER*  CSUMH,  CSUMIZ.  CSUMIs*  CRl*  cr? 

rsiiM#>i  .CSIIM71 .  rsuMRi,  csumri,  sp? 

(lAMAX.  IAMAX),  (IHMAX.  JMMAX)*  (ICMAX*  JCMAXI 
(IMAX.  hnmA»».  UMAX*  KLMAX)*  (JMAX*  IORHAX) 


coMp_ex 
COMP. EX 
COMP.EX 

complex 
FfJUI  VAlI'NCE 
EOUT VA.F  NFF 


DIMENSION 
DlWf  NSION 

dimension 
dime  VSI0»' 
D IMF  VISION 

dimension 
Dime  nsjon 
Di mf  ns  Ion 

DIME  NSION 
dime  NSION 
dime  NSION 
dime  NSION 
dimension 

DIM! NSION 
DIME  NSION 
INPUT  CAVITY 
SOUND  SPf  FO 


XPdo).  VPI1o>*  PI  13)  *SP?(3*D)  tCPPOtl)  tOPpOtai 

AI  PHA  (S'v.SO)  ,  AI  PHClSO.Sn)  *  YISO)*  YR(50)*  YX(SO) 
AIISO.SO).  ATR(Sn«So)«  ATXISU.SO) 

A.IlRo.Sn).  AjPisn.So)*  AJXISo.Sfl) 

XY/(sn) 

EnoD.inA),  index  (100*3)  *  FREUIlf.) 

A'lmo).  A'''(S0)*  FMNISO)*  FWNHISO)*  AKMNIBO)*  AKMISO) 
AKMISO).  OFITFISO)*  wFMNISO)*  JX(SO)*  CAPA(SO*PO) 
CAHmS'v.POl  •  FPAMC(?D*70*P0)  *ALAMDA(?0*20*20) 

HLAmjh  (?f,.PA,20  J  *  XjdO)*  YI  (10)  *Z1  (10) 

siKL(io).  sToH(io)*  swdn.io)*  S(io*io> 

PStKLdov,  PSIOPdfli*  CWd0*in)*  (jWdo.lO)*  SPT(3*3) 
CPII3.T).  001(1, :t)*  sPowFRdfc)*  cPowERde)*  opowERdA) 

rp|(3),  opiu*  rR?(i)*xp(io)*Y3(io)*xc(io)*xirdo) 

YC  (  1 1»)  ,y  ir  ( 1  0  )  .7C  do)  *71C  (10)  .  I  Y  (SO)  *JY  (50) 
OIHrNSIONS.AHSnpPTION  COFFFICIENT.CaVITY  fluid  density* 
IM  CAVITY 


RFAO  (S.lAOt;)  A.R,r,ALFA»PMOC*CSC 
1000  format  (AFlt.O) 

AsA«l ?.o 

R=R«1?.() 

C=C*l?.n 


184 


w 


PHOC*  WHOr/(  I  7?H, 4) 

csc«:sc»i-».»! 

r  IN3UT  PI  •TE  thickness. nENSlTY.COMPPtSSIO'^  WAVrSPEEO.STRMCTURAL  DAMPING 
PFAn  (s.inon  ah.ohoo.cl.eta 
1001  FnPMAI  (4FI0.ni 
AHsAH*l?.n 

PHv)P«PHOP/(l77M,n*'»P4,4) 

Cl *r.*i?.n 

APaA^M 

C  f'lPlIT  HALF-SPaCF  FLl'ln  OFNSTTY.FpEESTPFAM  VELOCITY. KINFMaTIC 
r  VISCOSI  TY.nlSTANrE  FPC^M  IfAOTNG  FOGE.FOOY  DECAY  PENlOO.SOliND  SPEED 
PLAlt  (S.inO?)  PHO. II. ANU.AX.THFTA.es 
100?  FORMAT  (?Fl(i.O.Fin.i.rid.A.El0.3«F  10.0) 

C  t'lPUT  TPL  rONSTANIS 

PFAI)  (S.10n3)  A)  .A7.At.AK|  .AKP.AK3 
loop  FOHMaT  (KHO.O) 

r  I^PUT  OrSlPFO  CA|  CULATIOn  I'jDpX  (VO  CAI.CULATiON  IF  ZfHO) 

r  1  a  CROSS  spectral  'HMSTtY  of  Pl.AfE  otsplacfhent 

r  ?  a  CP3SS  spectral  OFNSTTY  of  cavity  pressure 

r  la  SP-CTPAI  heusity  of  porfr  rauiatfd  to  half  space 
C  4  a  C»OSS  spectral  OFNSTTY  OF  FaR  FIFI.D  PRESSURE 
PE  AO  (S.in(i4)  lu)  .  TOP.  lOT.  104 
1004  FORMAT (41?) 

C  IFJPIIT  FPFOMENCItS  TO  Pf  calculated  (If.  MAX) 
ream  (s.mos)  (ERForTT)  ,Ti3i.)6) 
inos  FORMAT (PF 1 o»n  /  MFto.o) 

RMOaRHO/()  f/P.a*!***.,*  ) 

AMASS*RH0P«AM»AP/4.0 

RE  A(i  (S.TnO)  (  (XP(.I)  .YP(.I)  )  .Jal  .10) 

Too  FORMAT  (?FM.P.  R(/  7Fa.O)) 

RFAO  iS.PnO)  (  (XC  (  I) .Vf ( Jt .Zr ( J) ) . Jal .3) 

•»FA()  (S.nno)  (  (XICI  ))  .Y)C(J)  ./1C(J)  )  .Ja)  .3) 

POfI  format  (IFP.n  /  YFS.A  /  IFG.O) 

READ  (S.Mon)  (  ( Al  (  I)  .Yi  (  I)  .21  ( J)  )  t  Jal  .3) 

RE  AD  (S.Ano)  (  (X?  (.1)  .Y?  (  j)  .2?  ( J)  )  .Jal  .3) 

RPIT"  (K.c;(;|i) 

RRIT£  (r..f.?l) 

f,?.  format  (4».33HrxPEPTMF(gTA|  PROGRAM  -  JOH  llTePl) 

RPIT-  (f..f.^?) 

6??  FORMAT  (//.mX.rshrfsponsF  ANO  RADIATION  OF  WATER  LOADFD  »LATE  CAVI 
iTY  S''stfm  sum  iect  to  hoijnoary  '.AYEP  TURhULFNCE') 

WRITE  (f..f.?3)  A.H.r.AlEA 

f.?3  FORMAT  (//.PX.lSHrxVTTY  S  T  2F  Aa«Ef..?.4H  Hs.F6.?.4H  Ca.FA.?.lRM 

1  WAl  .1  APSOR)»T  1  ONa.FA,’) 

WRITE  (f».f>?4)  All.FTA 

f.?4  FORMA)  (//.MX.16HPI  ATF  Tm  |  CKNFSS*  .FS  ,  1 , 1  4M  LOSS  E  ACTORa.FA.?) 
AXaAX»l  ?,#* 

TMET A?sTmFTA**? 

UaU*l?.0 

llU3ll/1?.n 

ANUaAM)*144.l) 


I8S 


DSTA9s(0.‘<7*AX/fl.O)*l  (t)*AX/ANn)  •*-0.2) 

AF  s  nSTAW  /  U 

cs=r‘,*i?.o 

WWiTi  (6. APS)  JU  .nSTAR 

hPi  FORMAT  (//.HX,?1HFPFF  STREAM  VELOCITVa.FA.l  #*0H  HOllMnARY  LAYER  DI 
JSMLACEMFNT  THTCKMFSSa.Fb.l) 

RI=3.141S») 

rP=  M^AH^Cl /U.O*  1.7.T<*) 

I  Tao 

n  n  1  1 1  - 1 1  ♦  1 

U  ( T I  .Fn.i7)  0:)  TO  n  op 

IF  (K^FOdl)  .FO.0.0)  on  TO  noo 
CALI  SECOMIXW) 

KWl  T^:  (A.AOOO  )  W.IT 

AOAA  format  (////  AH  tiSFO.  Ffl.T.  3&H  SLCO'^OS  CPU  AT  START  OF  FREOUFNCY 
P  I4) 

CAUL  MSFrONI)(H) 

WRl T- (h.AOOl )  W 

from  FOMMATOH*.  SIX,  Ffl.ix.  7H  PM  StC///lH  ) 
w=  i',o*Pi*  FPFadi) 

WHO!  s  IZ/CS 

w/rsc 

WflOl?  S  WM01**P 
W^'0^’?swNO?VHNOp 
C3‘-  •?Hi)o(w**P) 

C4S  V(U)('«  (H**P) 

r  OrT^OMlME  resonant  ArOtlSTirALl.Y  SLOW  VOOES 
Cl =0.0 
5  C) =C1 ♦) 
j=n 
H=1 
N=1 

1  i<KMM=  (  (  (FI  OAT  (H)  *PT  /A)**?)*  (  (FLOAT  (N)  *PI/H  )  **2)  )  ••  O.S 
IE  (WNJI-HKMN)  P,?,4 

?  FRHNs  C?*( ( (ELOAT (M) /a )••?)♦( (FLOAT  (N)/3)  **2  )) 

FRMNh=FRMN/  ((  1,0  ♦(  MHO  /  (RHOP*AH»mXMN ) ) ♦ ( ( RHOC/TANH ( RKMN»C ) ) / 

1  ( ^HyP*AH»HKHN  )))»*  O.S) 

3FlTAE  =  Pl»FRHMHorTA/  P.A 
OEUTAE  s  ri^OF.TAF 
FMN)<_=ERMWH  -  (l)FLTAF/?.ft) 

FMNHHsFRMMM  «  (OFLTAF/p.A) 

TF  (  FMMHH  -  FRE0(IT)>  4.S.fr 

4  N=N*J 
00  TO  I 

fr  TF(  "MNiHI  -FMrodT))  5tS.7 
7  IF  (N.EO.)  )  I’O  ro  B 
M=1 
H  =  H*1 
00  TD  1 

5  J=  J*1 
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AM(J)=  M 
Ar4(J)s  N 
FMM(J)  r  FWMM 
FM^H(J!  =  FPMM-i 
4^'1^(J)  =  HKMN 

flK'^(J)-  AW(J)«  (PI/A) 

AKN»(.I)=  AW(vJ)*  (MT/rt) 

OFLT-  (J)  sOt.LTAE 
JX ( J>=J 

GO  TJ  1 
H  CONJT]Mt»- 
JPAX=J 

TE  (J'^AX.FO.O)  M)  TO  0 
WPJTf  (f.  ,SO(l) 

GOi)  COPMAT  <1H1) 

IXPIT-;  (f,.7in  fPKJdl) 
mPITi  (fr.GOl) 

sm  F()P^IAT  (4X,;dM.I  M  F‘AN  FM>JR  KMN*//) 

PWIT  f  (^.SO.d  (  (JX  (  I)  ,AM  (,n  .AN  { J)  .FMN  ( J)  .FMNP  (J)  tAKHN  (  J)  »  *Jb1  tJMAX) 
Sm  FOWMAT{/^x.I?.dx.H.fl.lX.Fi.0«3X.  F7.n.  2X  .F  7 . 0  i2X  .F7 , 3 ) 

C  r.MCDLATf  MATWIX  ;)F  Ai  pha«; 
r  TNt'FX  J=(M.N)  fNpFX  ls(0,M> 

3<i  4  i  Jsl  ♦  JMAX 
WK'XN(J)s  ?.0*P'<»FMM  (J» 

4S  CONTINitP 

-50  nH  Jsl  .  JMAX 

YX  (J)s(WFM\{j)<>o?)»(i  ,-(  (W/WFMN<J)  )*»?)  )*(-1.0*AHASS) 

YP(J)=  (  (wrMN(J)<>»?)»FTA)<»AMASS 
Y  (  J  )  s  X  (  Y*  (.))  ,  YR  (  J)  ) 

4S  CONriNilF 
TMtt* -JMA  X 
10  110  Jsl.  Max 
IMIMsJ 

10  iin  I=IMIN,IMAX 
A  JO  (  M  )  =0 .0 
AJX (J. I >30.0 

(-1  )  oofFiX  (AM  (  J)  «  A'Xd)) 

IMPS  (-1  )  oo  !F  I  X  (AN  (,))  ♦  AN(I)» 

TF  (  I  IM.f'P  ,  1  )  0,)  TO  ?t\o 
IF  ( I NW.NF .  I  )  Oj  TO  FOR 

IT  (AXM  ( J)  -wrj(M  1  I  o.?n.?n 
It  it  (axn  ( J) -wN(m  '  ^o.4n.^o 

?0  IF  (A<N ( J) -WMOl )  Sn.sn.frO 
in  IT  ( A<M ' I ) -wNoi )  7n.Rr.Ho 
4n  IT  ( AX*M  ! ) -wMop  pn.jnn.Kin 
«;n  TT  ( AXM  ( I  ) -wool  j  l  in.i;>0.1?0 
T>p  IF  (  A<M  (  (  ) -Wfion  llo.UO.lAO 
7n  IF  (  A<N  (I  ) -WMOl  )  I'^n.lT.O.  Jf.0 
HO  IT  (A<N(  I  ) -Wfioi  )  170,1RO.IHO 

no  IF ( A<N ( I ) -WMOl)  ino.?no,?no 
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IPO  TF  (A<N{I )-WNO’  ) 
no  ir  (A<V)(T)-WM01  > 

l?0  IK  (A<N  ( 1) -WflOl  ) 
no  IK  (A'lM  ( I  ) -t^NOn 
lAO  IK  (A<N(I)-WNOl  ) 
PO  TD  pno 

i^t)  .^o  t:)  200 

170  RO  Ti  ?nq 
)«0  PO  TJ  200 


210.P20.220 
210. 240. 240 

2sn.?^0.2f>0 

27n.?iio.2«0 

2<»o.loo.:<00 


l'»0  R(i  TO  2P0 
200  c<"JT!Njiir 

Xr  (  (-gN,)l  ?-  (AKM  ( J)  «o?)  )  o^O  ,S»  *« 

IK  (A'<  ( J)  .MK  .AM  ( I  )  )  r,o  TO  201 

1=0.01 

CALI  ^E‘:JIX.0.^J.n.IFO) 

A  JH  (  J.  I  )  =  (  (“AOOKM  (  I)  *akN  (  I  )  «  (1  .0-  <  (  (-1  .())  ••IFIX  ( AN(  J)  )  )  *ilj)  )  )  •r3)/ 
1  I2.i.«l  (AKMN(J)*»?)-WN01P)«(  (AKMKi  (  I  )  -WNOl  2)  ) 

GO  T  )  202 


201  AJ»(  1,1 1=0.0 
pop  rO^T’NlJF 

IK  (AM  (J)  .MR. am  (  I  n  r,n  TO  201 
Xls  -A/ (PI  «AKM ( J) »AKM ( I )  ) 

X4a  WMOI ♦ ( <2.0«wOO1  ?  -(AKM(J)«*2) )»*0,S) 

X=.s  VKN01  *  (  (1.N01  2  -  (  AKM  ( J1  **2)  )  <>*0.S) 

IK  (A<M  (  I  1  .K.U.A<N  (  Jl)  GO  TO  20** 

X(S=  O.G/(  (AKM(  I  )**2)-(AKM(J)«*2)  ) 

•7=  (  AAM  (  I  )  <»«2  1  *  A|  OG  (  (AKN  (J)  ♦*2)  ♦  iXMOl?) 

XH=  (  AfM  (,l)  »»?)  <»  Al  OG  (  (  AKM  (  I  »  **2)  ♦  WNOl?) 

Xys  X(,»(X7-XM) 

GO  TO  20^ 

?(’4  XO=A.0G(AKN(J)  )-0,c,-(AP/  (4,0«(  <  |  AKMN  (  J  )  **2  1 -WM  3 1  2  )  ••O  .  5  )  •X  3  )  ) 

201  COMTINJI 

Xl()=  AL0(-(X4/Xb)  ♦Xo 

X  1  1  =  '  - 1  ,  0  )  « <  •'  I  P  I  <  (  A  M  (  1)1 

X}  2=  (  (WN012-  (A^M  (  I)  ,»  >;,)  ♦  (  f  I  ,0/H)  «'«>2)  )  ♦  (1  ,0/B) 

XI  1=  (  (-1  .0  H:  <  I  1  H>  (  Al  MG  (XI  2*WN01  /XI)  -  (fl*  (  (X12-(  1  .0/H)  )  -XB/WNOl  1  )  ) 
miMsfi  ,0 

JJMAX=3 

10  2)0  .11=1  .JTMA* 

IJI=JI-i 

IGliMl  =  (  -  (  )  o*  (TJI  ♦  IF  r  X  (AN  (I)  »  ) 

I^JMP=1 

IC=  (2<>TJI)*1 
[)0  ?07  JJ  =  1  .ir 
TSUM?=  IGMMpoij 

20  7  ro'irr'JHF 

ISIIMP  =  t<;mm2"<»5 

SIIM1=  (»-<>XS/Wfi:)l  HnK  (PoI.II  1  ♦!  ) 

SUM  =  SIIM  ♦  ((  (F.OrtT  (  IGIIM;  1  M»SUM3)  /  (FLOAT  ( ISUM?)  )  ) 

20  <»  CONTINUK 

X  1  4  =  (  (  ( J)  ^*>>1  <M  AKA'  (  I  1  »*2)  )  /  (  (  (AKM'J  ( J)  0*2)  -wMOl  2) 
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1  *(  (AKMNd  ) 

XI  S  =X|4»<;llM 

AJX(J.T)srj»Xl»(Xln4Xl34X1S) 

Ro  t:>  pnn 
201  AjX(j,i)sn.o 
POP  C()'JTT’'iltF 

?(n  AJ  ( J,  I  )  rfMPLX  (AJX  (J,T  >  .A.IR(J.T  n 
AJ(1  ,J)=A.)(J.T  I 
RO  Ti  ;no 
21 ')  30  T3  ?nP 

220  ro'jTi'uir 

U  (A<M(J)  .RT.AKMd  )  )  r,()  TO  221 

XIM  =  ri«AL03(  (►NOl-AKMC.n  )/(WV01*AKM(J)  )  ) 

AJW(J.I)=  XlH/(MI»AKM(n*AKN(J)«  AKN  (  T  )  ) 

IF  (AVJ  (  J)  .FU.AM  {  n  )  nNPsJ.n 
TF  (AM<J)  ,MF..AM  (I  )  )  nNP=0.0 

AJX  (  Jf  I  )  r  (xlPo-iPOMR)  /  (?.0*PI*AIXM(  I  )  *AKM  ( J)  ) 
fiO  TD  POP 

221  XlM  =  CH>Ainfi(  (w\)01-AKM{T  )  )  /  (  WMOl  ♦AKM  ( 1  )  )  ) 

AJP(J.T)=X1H/  (Pl*rtKM(j)*AKN(J)«AKXMl) ) 

TF  (Avi  (  J)  .FQ.AN  ( I  )  )  OMPsl.n 

IF  (A'J  (  J)  .Mf.  .AM  (1)1  DMPaO.O 

AJX  (  J,  I)  =  (XI  /(2,0*PI*A'<M  (J)*AK^J  (  J)  ) 

30  TD  203 
230  R(»  TD  pop 
240  3('  TD  ?0P 
2S0  CONTINJt 

Xs(  ( 2-AKN  (  J)  )*aO,«;)*A 
TF  (A\((  J)  .NF.AM  (I  )  )  30  TO  ?S1 
0=0.01 

CALI.  HLSJ  (X  to,HJ*n.IFP) 

AJP(J»I)  =  ((-H<M\KM(M«AKM(T)*(l,0-(((-l,0)**IFIX(AM(J)))*BJ)n  *03)  / 

1  (2.''-:M  (AKMN  (  J)  -WN(t1  P)  *  (  (  AKMN  (  I  )  **2  )  -WNOIP)  ) 

30  TJ  PS? 

P*^!  AJP(J.T)=0.0 
rONTI  vIJF 

IF  (  AM  (  J)  .Mfc  .  AM  (I  )  )  30  TO  PB.l 
Xl=  -^/ (PI»AKM  (  J)  *aKV(  (  I  )  ) 

X4=  WMOl  ♦  ((2.0  ^  WMOlP  -  (AKN  ( J)  «*?)  )  **0  .*>) 

X‘^=  </M()l  »  ((w'lOl?  -  (At<M(J)*»2))  *«  (1.5) 

TF  (AK'MTl  .FO.ax'^(  ))  )  30  TO  254 

=  {;  .P/ (  ( AKM  (  I  H»*2)  -  ( AKM  ( J)  **2  )  ) 

X7  =  (  AKM  (  I  )  »A|  03  (  (  akm  ( J)  »*2)  ♦WNOl?) 

XH  =  (  AKM  ( J  )  ) -^Al  03  (  ( A<M  (  I  )  **2)  ♦  WN012) 

XO  =  Xf>*(X7-X0) 

G(»  ID  233 

p34  XP  rALnG(AKM(  I )  ) -0 . 3- ( AP / ( 4 . 0 » (  (  ( AKMM ( J ) **2 ) -WMO 1 2 ) **0 . 3 ) *X 3 )  ) 

23=1  COMTINHF 

xio  =  Ai  nr.  (X4/X5)  ♦XQ 
Xll  =  (-1  (am(  I)  ) 

X12  =  (  (WMOl  2- (AKM  (  I)  )  ♦  (  (1  ,/A  )  <*«?)  >  4*0  ,5)  ♦  (1  ,/A) 
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X 1  3  =  (  ( -1  .0  )  *Xl  1  )  *  ( ftLOfi  (XI  2»WN01  /X5  )  -  (A*(  (X12»(l»/A)  )  •XS/W'^Ol )  I  ) 
SCI"^  =  (>,n 
JIMAKs  3 

00  ?36  JT=1«  UMAX 

ISUM1  =  (-1  )  *»(I  JI^Trrx (AM(J» ) ) 

TSUM?=1 
IC={2*K(T  )  ♦! 
on  H57  JJ=1  .ir 
ISJM? 

PS? 

I  SUM?  =  TSUM?  ? 

SUM3^(A*X^/WMnl)»»( (?*IJT»4l  ) 

SIIM  =  SUM4  (  (  (n.OAT(tStlMl  )  )*SUM3)/(FL0AT(ISUM?)  )  ) 

2S*,  CONTINUE 

X14s(  (AKM(J)o*P)*(aKM(I)**P»  )/(  (  (AKM\J(  J)»#p).w^012) 

I  *(  (AKMAJd  )»«?)-WM01?)  ) 

X1S  =  X14»SIIM 

AJX(J,l)=r3<**3*(Xln*X»3*XlS) 
r,o  TD  ?tiP 

?'^3  AJX  ( J.Dsn.O 
PSP  CO'JTtNIlF 
50  TO  200 
P60  CONTTNi/F 

.0T,A<M(  r )  )  50  TO  PftJ 

XIH  =C3<>  ALOO  (  (WMOl -AKN  (.(>)/ (WNOl  ♦AK'^  (J)  )  ) 

A.;«  (  J*  I  )  rX  1  M  /  (ai<>A«N  (  T  »  OAKMC  J)  *AKM  ( I  )  ) 

IF (AM(J) ,FO.AM(I) )  OMRsl.n 
IF  (AM  ( J)  ,Mt  .AM(I  )  )  (UlRsO.O 

AJX  (  J.I)s  (XimtA>>nNU)  /  (^.OPPl^AKNd  )*AKM(J)  ) 

50  TO  POP 

PS]  Xlfla  C3<>ALO(;((ii(Nni-AKN(in/(WN0l*AKN(n  )  » 

A.IW(  J«I)sXl(i/(PI<»AKN(  I)*AKM(J)*AKM(T)  ) 

IF  (AM(J)  .rO.A'KI  )  )  nMPrl,(> 

IF  (AM(J)  ,Mt,AV(n  )  OMOrO.O 

AJX ( J.I)=(Xl«oA»nNP)/(?.n*PlPASN(J)*AKM(J) ) 

5(1  TO  ?PP 
P7n  50  TO  POP 
?«0  50  TO  ??n 

poo  50  TO  Pf'O 
30  0  COMTIVfLIF 

XISs  (-1 .0  )  o*TFI  X  (AM  (  ))  » 

XPP=  (-]  ,0  )  ««rFI  X  (AN  (,!)  ) 

AKA=  l»Nni»A 
RKUr  WN01»H 

CKC=  MNOl  ♦  (q#»2)  >**0,S) 

X3=  (-1,0)0*  IFIX(aM(  l)^AN(J)  ) 

A  JW  (  J,  I)  =  (  (-P.po'VNni  )  /  (PI*AKM  ( J)  *AKN  ( J) 

1  *AKM { J ) oaKN( T ) ) ) *  (1  ,0-(XI«*SIN(AKA)/AKA) 

P  -(X??*S|\|(HKP)  /RKH  )- (X3*SI  N  (TKC  )  /C^C)  ). 

IF  (  A  M  ( J)  .F(J.AN  (  I  )  )  nwp  s  1,0 


190 


IF  {AN<  (  J)  .MF  .an  ( I  )  )  OMP  3  rt.O 
IF  (  A'1  (  J)  ,C(J.AM(  I )  I  OMO  3  1.0 
IF  (A'I(J)  .NF.AMd  )  )  OMO  =  0,0 
Xl«4=(  (-H*r3«l>Nin/(PT»AKM(.l)*AK'1(l)  )  ) 

x?i=  ( (-A«r:^<»i'>i:j)  /(pi*akN(J)*akm(I  )  > ) 

IF  (AKM(T)  .Fn.  AKm(J))  fiO  TO  AOOS 

XI  =  -At OGFWNOi ) ♦ ( » ( (AKM(T)**?)*AL0P{ (AKM(J)**?) 

1  ♦WMOi?) )-(  ( AKM ( J» •*31 *ALOG ( (AKM(T )**p) 

?  ♦riMOl  ?)  ))/(?. n*((AKM(l»  )  -  ( AKM  ( J )  •*?  )  )  )  ) 

GO  Tn  400^ 

40OS  Xl=  -ALOR(WNOI)  ♦  AI.OG  (AKM(J))  -  0.5 
AOns  IF  (AKN(T)  .FO.  AKM(Jl)  GO  TO  4007 

X4  3  -Al  Or(WNni)»((((AKN«n**?»*ALOG((AKNJ(J)«*2) 

1  ♦hiNOl^)  )-(  (AKM  (.1)  *0?)  *AL06  (  (AKN(I  )*•?) 

?  ♦IMMOliJ)  )  )  /  (?,n«(  (aKN(I  )  *•?)  -  (AKN(  J)  •*<»)  )  )  ) 

GO  TD  4000 

4007  X4  s  -Ain<;(WN01)  «  ALOG  (AKN(  J)  »  -  0.5 
4004  X5  =  (  (C1*AP/4.0)/(  (  (AKMNrJ)**2)-WNOl?)**0,‘i)  )*l)NW*nMO 
AJX(J,I)s(XlH0X3)> (X?0«X4  »-X5 
GO  T!)  ?0P 
310  CO  MTTM.IF 

r  rALCULATF  F'AXJMI/m  VAliiFS  OF  ALPHA.  OFTA,  GAMMA 
IAMAX=(  «?«O^FPP(J(TT)*A)/CGr)*  1 
IMMAXs  (  (?.0*FPL(J  (I  T  )  )  /FGCl  ♦  1 

ICMAXsl  (?.0«FPF0(IT)*r)/rGC)^  I 
Cl  0  =  C4<M  APO*? 1 / ( (PT  »»4 ) *l  A,0*A*H*C ) 

DO  410  J=l .JMAX 
IMTNs  J 

OO  41 C  I=TM1N.1MAX 
ATX(J, 1)30.0 
AIW ( J. I ) =0.0 

IOMr(-l)ln>  IFrX(4M(  J).aM{T»  ) 

IM«s(-i)»«  IFfX<AN(  I)  .ANd)  ) 

IF  d'J'*.MF.l  »  GO  TO  4?o 
IFd'JW.NF.l)  GO  TO  4?n 
00  4  10  I  A  =  1 » r  amax 
AA=I A-1 
JA=A  A 

TF  ( JA .FO.o )  FPAsl .0 

IF(JA.vGT.O)  FPAsP.n 

IF  d'lX  (AMd  )  )  .ffj.jA)  GO  TO  411 

X 1 1 =  ;  AM (I ) *4  0 ) «PI 

X?2s ( AM ( T ) -AA ) «PT 

CAPA ( r ,  I A )  =  ( (  d  .n-ros ( X1 1 1 ) /xii ) ♦ ( d ,n-cos  (X2?) ) /X22) > •pi 

GO  T.)  41? 

All  CAPA  {  I  ,  lA  )  3().n 
41 ?  rONT  TNOF 

00  4  10  I  Hr  I  ♦  IH  -IAX 

BH  =  H-1 

JH=H1 

lF(J4.t0.n)  fP0  =  l.<) 
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TF(JH.RT.ft)  F:P>J=?.n 
ir  (I-1X(AN(1)  ).E:0,,)H)  go  to  415 
XI  1  =  (AM(I  ) 

X??*(AN(I)-MR)opr 

CAPn  (I  .TH)  =  (  <  (1  ,o-rn«:(xi  i )  >/xi  i  > ♦  ( (i  .()-cosjX22n/X2?n*Pi 

GO  T3  414 

41';  CAPO  (I  .TWIsn.o 
414  COMTINUF 

P»»On=CAPA  { I  «  lA)  *rAPA  (.I♦1A)*CAPB  (I  •IP)  *CAPB  (JtI9) 

no  410  10  =  1  .lOMAX 

CC=IC-) 

JC=CC 

IF  UC.FO.fi)  f.PC  =  1.n 

irivJC  .GT.  0  1  fPCsP.A 

rPAHC(lA«IH«ir)=FPA*FPR*FPC 

IF (f PARC (TA.IP.IO)  .FO.  1,0)  RO  TO  bSSS 

5L  AM3A=  PI  * (  (  (  (AA/A) ♦ ( (BB/B) *•?) ♦ ( (CC/C>*«2) ) •*0.5) 

ri  AMnA=  (  (WN()2*ALPA)  /(fl.O«‘^LAMnA)  )  *(  (EPA/A)  ♦  (FP9/B)  ♦  (EPO/D  ) 

n?a  2»0*5I.  AMUA*fLAMOA 

1)1*  (SLAMOA*<»?)-(Cl  AMnA**?)-l»N02,? 

n=  oi  ♦  (n3»«?) 

ALAM)A(TA.IH«lC)*ni/r> 

HI  AP)A(IA«IH«TC)an?/n 
GO  TO  SSP4 

5555  ALAP)A(IA,IH.»C)=1 .0/(-WNO?2) 

HI  AMDA  (TA. 10.10*0.0 

5S5S  An=ClO*AI  AMI)A(IA.IH.Tr)*FPAHC(IA»lR.lC)*P«Or) 

AT?  =  C10*HI  AMl)A(IA.IR.TC)*FPAHr  (IA.IH.1C)*PW0D 
AIX  IJ.DsAlX  IJ.l  I.AII 
AI«IJ.I)=AIP(  J.n^AlP 
4?0  CONTI'>(JF 
410  CONTINUr 

no  4  30  J*1  , JMAX 
IMiMrJ 

no  43C  I=TMIN.1MAX 

AI  (J.  1  )=  OMPL  X  (AIX  (  I.I  I  .AIF1(J,1  )  ) 

AI  (1 .J)=AI  IJ.l ) 

430  CONTTMIJF 

no  400  Jsl.JMAX 
no  400  T=1 .IMAX 
ALPHA  IJ.T)=A1  (J.T)-AJ(J.I) 

600  CO->ITIMUr 

no  410  Jsl.JMAX 

AI  PH  A  ( J.J)  sALPHA  (J.  ))  .Y  (J) 

410  CONTINUE 
NF'=5  0 
'J2s?*JHAX 

CALI  chpimviai  pma.nm.  imax. alpha. in. F.NP.INOFX) 
r  5JPH0UT1NF  FmPINv  PF0(IIRF-5  5IIHP0UTINL  MATINS 

no  4?o  j=i.jmax 

no  4?0  T  =  1  .  ll'AX 
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ALi’HC(J,T)=  COVJJP  (ALPHA  (J.I ) ) 

6?0  ro'JT^MUt 

WHITE  (ft.SOO) 

WHITE  (^«71  I  )  P-HrO(  I  T  ) 
n  I  POHM4  r  (  //«  1  1  X  ,  1  0HF  RFOllFNrv  =  *Ffl,0*//) 

WH  iTi  (^'itFilI) 

6H  POHMAI  ()  1  x.t'SHRLAL  PAPT  (IF  ALPHA  MATRIX.//) 
ftl?  Tsi  ,IMAX 
10  ftl  J=1  ♦  JMA  X 
XY7  ( J)  =f>FAL  (ALPHA  (T  .J)  ) 

I  Y  (  J  )  =  I 
6n  JY(J)=J 


WPP  E  (h.M4)  (  I  Y  (J)  ,.(V  (j)  ,XYZ(  j)  ,j-j  ,JHAX) 

FCPr^  A  T  (('>(?X.;>HA(,T3.1H».T?«?H)s.tn,F,))) 

CP'JTIMUF  »ci  i.r,  I  ,  I 

WHITE  (F,m)0) 

WHITE  (X,,71  1  )  euro  (If) 

WHITE  (^.XilS) 

^0  h] 7  J=1 .JHax 


XY/(  J)sATMAri(ALPMA(T,,|)  ) 

IY(J»sI 
61 r  JY { J) =J 


WHITE  (S.(^I4  ) 
61  S  rO'JTIMiJF 

WHITE  (^.^CO) 
IC  (131 .MF.l ) 


<IY(J),JY(J),xY/(J).Js,.jhaX) 


TO  pnno 


.1.-1 

7f'3  IT  (XP(J),F 0,0,0)  f^n  TO  701 

I)  ( J.F  I  o  )  (^o  y() 


J=  JM 


r,o  n  70  9 

701  JJ'^AX  r  J-I 
RO  13  706 
7'il  JJMaX  =10 
7^4  II»"AX  =  JJMAX 

IMlMrJ 


30  Ml)  IrlMlO,  I  I^Ax 
SW(J,I )=  rHHLX (O.O.O.O) 

30  70‘>  ^’0=  J,M^J«.(AX 

CbO=  1,0  *  (  THT  r  A9<»  (  (W- ( AKH  (MN)  »ucn  )  ) 

7  =A<  1  <:-AT  *')(•<>  SORT  (  (  AK  O  ( MO  )  «*i> )  ♦  (  ( w/i  ir  l  *<»a  i  i 
7/  =  AX9<>//.AK  1 
//7  =  i^^O^>7/Ar\  1 
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00  ro^i  TO'Jsl  •TOkMa* 

SIO»-  ( I  )  =«;iN  (AK\1(  TOW)  »irp  (T  >  )*SIM(AKM  ( lOM)  *yP  ( 1 )  ) 

P5io?(i)=  cmplx(<;iow(T)*a.o» 

S  (  J.  I  )  =ALPHA  (  laWtMM)  *A|.  PHr  IKL  .MN  )  *PS  1 KL  J  J )  *PS I  3R  ( 1) 

SW  (Jt  1  )  s  «?(.).))  (  J.  T  ) 

709  CONTINUE 

SW(I,J)=CONJG(SW(J.I)) 

7 1 A  CONiTTOUe 

00  71H  JaltJJTAX 
00  718  1  =  )  .1  I'lAX 
CWCJtl)  =  WtAl.  (Sk  (J.  I  )  ) 

OWCJ.l  )=  -Al.'^Aii  (CW  (  |,T  )  ) 

7n  COMTIMir 

Rrir-  (h«7in  ^wfotitt 
RHiTi  {#>«71P) 

71?  FOWkM  (4X  «HHHr  <0*;s  SPFcTRAL  OF'JSITY  of  plate  displacement  SW  r  c 
IR  -  SORT  (-1  )  <»OW  (  TM<n»?) /(RAD/StC)  »//) 

WRITE  (#<.71.n 

TI  T  rnW^AT  (4X«0?M(  XT  .  VI  )  (  XP  .  VH  >  .10Xt?HCW»1F>X»?HOW*/ 

1/) 

WRITE  (»S.71S)((  XP  (  J)  tVPT.I)  ♦XP(I)  tYP  ( I  )  fCWTUtl  )  tUWTj,!)  ♦.)*!# 
IJJMAX) «Tsl .IIOAX) 

7)5  format  (  (‘^x.FA.P,)  X,FX..?,4X.F6,2»1X*F6.?»6X.E13.6»5X,F.13.A)/) 

?onn  IF  (UP.MF.?)  00  to  onno 

J=l 

80?  IF  (x: ( J) .FO.0.0)  00  TO  SOI 
IF  (J.KR.O)  00  TO  HOT 
J=J*l 
RO  TO  MO? 

801  JJMAX=J-1 
RO  TO  H04 
801  JJMAX=3 
804  CONTINJF 
1  =  1 

8??  IF  (XIC  (  T  )  ,F  0.0.0  )  RO  TO  8P1 
IF  (I  .F.(J.l)  00  TO  M?1 
T  =  I*1 

RO  TO  8?? 

H?1  TI'XAX  =  I-T 
RO  TO  8?4 
H?1  IIMAX=3 
8?4  CONTIMJF 

Cl  01  =(.'  .0On0(  on  77f-.*  («Hn«^?)*(RHOC*<»P)  *  (0**4  )  *  (AP**J)*(DSTAR**?)  *?.0 
1  *(F'»*4)*THF  TO/C  (A*0*r)»*?) 

00  Flo  sJ=1  «JJ'1AX 
00  ,010  I  =  )  »  1  IMAX 
spi  ( J.  1 )  =  c'-’Pi  X  (o.o.n.o) 

00  FOR  »<N  =  l»M0  4fl< 

CS1=1.0  ♦  (THFTA?*  (  (W-AKMCMN)*UC)  **2)) 

/  =  AK  1  »4F»IIC*S0RT  (  (  AKM(MN)«*2)  ♦  (  CW/UD  **?)  ) 

77=  4K?«7/AK1 
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///sftKl*7/AK I 

Sit'll  «  (  {A1  •AKl  *HANK  (/)  «A?*AKi'*HANK  (7Z)  ♦AS^AKS^-iANK  (ZZZ)  )  •ClOl  t /fSI 

CSUM3=  Tmplx  ,o,0» 

00  HOii  HLsI^KLMA* 

rsiih‘%  a  r^itfn  »  al^mccki  tMN) 

00  woo  100*1  •TOH'^AV 

rsi'ti5  =  r';iiM4*  alpha  (ioo.mn) 

00  HOO  I  Arl  «  r  A'lAX 
AAsM-l 

CSl'MS  *  r«;ilM'.*CAPW  (KL  .lA  )  •COS(  (AA*PT/A  »«XC  <  J»  ) 
oo  woo  10*1  .  mOAA 
BH*I J-1 

CS0M7  S  CAPO  (K|.,rA)»COS(  (HH«PI/H)*yc  (J»  > 

00  hoh  Tr*i » irMA* 

cr=i:-i 

CSUM4  s  r^l)M7  *  fPAMCdA.TH.lD*  CMPLX  ( At  AMDA  ( I A  •  I H  «  IC  )  t^LAMOA  ( I A  * 

no 1 1 C) ) •ros ( irc»PT /r ) ozc  (  M  ) 

00  HDO  JAs]  •  JA'AAX 
AAAa JA-I 

C*il.'M0sC«;HMH*CA3H  t  JOM.  IA  )  •COS  (  (AAA*PI  /A  )  •XIC  (  n  ) 
oo  h.io  JOrl.jHMA* 

WHO* jH-1 

CSJHiosr<i'IMO«rAHO  ( lOP,  JW)  •cos  (  (HBH*PI  /H)  *¥10  <  I )  ) 
of»  woo  jr*!  •jr^AX 
CCC=  JC-1 

WLor  AsWLAMOA  (  IA«  jw.  ICI  •  (.)  .01 

S  ( J«I  »  *  '■SHMI  o»CPAWr  ( JA  •  JHtJC)  *CHPLX  (ALAMOA  (JAvJHtJCl  tPLMDA) 

1  *  (rrr»pi/r»*7ic  rn  ) 

spi(j»n*  ♦  spi(j»n 

wpw  roNTi'Jur 
HIO  CONTIOOF 

00  MIW  Jxl.J.HAX 
DO  H I K  r  *1  *  1 1 ma A 

CP  t  ( j.  n  s  «»•  A.  (spr  (.1,1) ) 
wm  OHi(j,i)  *  -amaocspi  (j,T ) ) 

WHIT-  (6,Cino> 

rjnj(Tt) 

KOI T? (6,«1 ?) 

H)?  format  (A  X.HHMC-OjSS  SPFcTWAI.  OFMSITV  of  I^TEMNAt  PMFSSURF  SPT  ■  C 
JPI  _  SOPT  (-1  )  *-jpi  (  (LH/TN**P)  ••Z)  /  (MAD/SFD  •//) 

Kon- 

wn  FOI'MAT  (AX.AWHC  XI  ,  V)  ,  /I  )  (  X?  *  Y2  ,  7P  IfIflX* 

1  IHCl’l  ,  )  »>*  ,  ,//) 

io'iT-(t,,wm)  «<*o(.i»»vr(j).7C(jnxir(i),Yic(HtZicii)»rPi(j,!), 

):)(M  (  ),I  I  *J*I  .  JJ'AAX)  .T  =  l  ,1  IMAX) 

»)  *  FOPMAT  (P>X,FA>.?,lX*F#..9.1X,FA.?,4X«rA.?«lX,F(,.2,lX,Ff».?,AX,l[13.A,SX 

1  •uo.h) 

onno  IF  (10). .3)  OJ  TO  Aono 

Cl 0?=0.nnn l?l * (pho»*3» • (w*«3) •ap» (((••a ) • (0STAR»*2) •TMFTa*? 

SHOW-P(II ) SOMP.X (o.o.n.O) 

00  «0‘>  MM*l««NMAX 
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CB?  =  l.n  ♦  (  rHF.TA?»(  (W-(AKM(MN)*UC)  )  »»2)  ) 

7=AKl«AK*lir<»S0«r  «  (AKN  (MN»  ♦  (  (W/HC)  <»»?)  ) 

Z7=A<2«7/AK1 

ZZZ=AK3*7/AK1 

SIJM1  =  (  (Al  «AKI»HANK  (7)  ♦Ai?<»AK?»HANK  (ZZ)  ♦A3*AK3<'HANK  (  ZZZ  )  )  »C102)  /C52 

CSUtm  =  CMPLX(0.0,SUM1  ) 

DO  OOD  KL  =  1  fKL'^AX 

CSUM12  sCBUMn  OALPHr  (KL  »MM> 

DO  ‘»0»i  IOR=l  .TrjMMAX 

CSUM13  sCSlJMl?  »ALPHA  (IOP.MN»ttAJ(ir)R*KL)/r3 
SPOW-Wdl)  =  CSUM13  ♦  SPOWERdl) 

909  COMTIMIJF. 

CPOWER(II)  =  REAL(SPOWER(II)) 

QP0WER{II)  =  -AIMAG(SPOWER(Ii)) 

WRIT*  (fi.eiOO) 

WRITE  (A.09B) 

995  format  (AX.97MSPFCTRAI.  OFNSITlES  OF  RADIATED  POWER  SPOWFR  =  CPOW 

lER  -  SORT  (“U  o:}P<Ui/EW  (  /SEC)  /  (RAD/SF.C  >  • /Z  ) 

WRITE  (ft. 996) 

996  FORMAT  (AX  .  1  AHFRFOiiFNCY  ( HZ )  1 1  2X  .ftHCPOWER  .  I  2X  .  5H(JPOWER  i // ) 

WRITE  (6*997)  FREOdT )  .CPOWFRdl )  .OPOWER  (1 1  ) 

997  FORMAT  (  7X  . T  ft  ,  0  «  1  2*  •  F  1  3  . ft  .5X  .£1  3 .9 ) 

AOOO  IF(UA.NE.A)  00  TO  50ft{) 

Jal 

9S2  IF (XI  (J) .FQ.O.O  )  On  TO  991 
IF (J. to. 3)  00  TO  9S1 
J=J*1 
00  TO  9S? 

9^1  JJMAXsJ-1 
00  TO  9S4 
991  JJMAX=3 
95a  CONTINUr 
1  =  1 

9ft7  IF(X2d)  .FO.0.0)  00  TO  9ftl 
IFd.EO.3)  00  TO  9^1 
1=1*1 
00  TO  9ft? 

9ftl  1IMAX=I-1 
00  TO  9ft4 
961  IIMAXS3 
9ftA  CONTINOF 

Cl  03=0 .0000030 6 <KRHO»»A  )  )  »AP*  (U<n^A  )  «  (l)STAH«>»2  )  »THFTA«2,n 

90  970  Jsl .JJMAX 
X=XJ (J) 

T=Y1 (J) 

Z=Z1 (J) 

91  ( J)  =S')9T  (X<»»2  ♦  Y»»?  ♦  /“^Z) 

AKRI s  WHO  1 •PI  ( J ) 

CRl  (  J) rCMPLX (n ,0  •  akoi ) 

CSUM3  =ri03«  CEXP (roi ( J) ) /R1 (J) 

90  970  1=1 *1 IMAX 
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SP2 ( Jt I ) *CMPLX ( 0 • 0 • 0 . 0 ) 

XPRHEsXgd) 

ypRIMEsY2(I) 

ZPRnE*Z?(I) 

R2(I)«  SOPKXPRIME**?  ♦  YPRIME«*2  ♦  ZPRmE**2) 
AKR2a  -WN01*R2(I) 


CR2(I)bCMPLX(0«0«AKR2) 

CSUM4  s  CSUM3*  CEXP (CP2 ( I ) ) /R2 ( I ) 

DO  970  KLalfKLMAX 
SUMS  *  AKM(KL)*  AKN(KL) 

SM6  a  (-1.0)*  WNOl*  XPPIME*  A  /  R2(I) 
CSUM5  a  CMPLX (0.0*SM6) 

SM7  a  (-1,0)»  lii(NOl*  YPPIHF*  B  /  R2(l> 
CSUM7  a  CMPLX(0.0*SM7) 


CSUM0  a  CSIJM4*(1.0-{  (  (-1 .0  )  **IFIX  (AM  (KL  )  )  )  ^CEXP  (CSUMS)  ))*(l,0-(((- 
11  .O) **IFrX (AN (KL) ) ) *CFXP (rSUM7> ) ) *SUM5 
SM9  a(AKM(KL>**2)-( ( WNQl 2* ( XPR1ME»*2) )/(R2(I  >**2) ) 
SMl0a(AKN(KL)»»2)-(  ( WNQl ?*  (  YPRIME»#2 )  )/(R?(n**2)  ) 

CSUM9*CSUM0/ (SM9  *  SMIq) 

00  970  lORa  1«IQPMaX 
SUMSla  AKM(IOR)  *  AKN(IOR) 

SM61  a  li(N01*X*A/Rl  (J) 

CSUMSla  CMPLX(0.0.SM61  ) 

SM7la  WN01*Y  *  B  /  Rl (j) 


CSUM71a  CMPLX  (0.0»SM7n 

CSUM91*  CSUM9  *  SUM51  •  ( 1  .0“  ( ( (-1 .0 )  **IFl X  ( AM  ( I(JR )  )  ) 
1 ) »*(1 10-( ( (-1 .0)**TFIX (AN(IQR) » ) *CEXP (CSUM71  ) ) ) 
SM91a(AKM(IQP)**2)-  ((WN012  *  {X**2n  /  (PI  (J)  **2)  ) 
SMlOl  «(AKN(lQR)**?)-( (WN012  *  ( Y**2) ) / (PI ( J > **2) ) 
CSUM91  a  rSUMBl/(SMqi  *  SM101» 


*CEXP(CSUM61) 


DO  970  MN  a  1,  MNMAX 

Vr  AX1«AF*UC  «  SORT  ( (AKN (MN) *»2)  ♦  ((w/UC)  **2)  ) 

VVaA<e*V/AKl 
VVVa  AK3*V/AK1 

SUMl  a  A1*AK1*HANK (V)+A2*AK2*HANK(VV)*A3*AK3*HANK(VVV) 

C54a  l,o*(THETA2  •  (  (W  -  (AKM  (MN>«(ir)  )  **2)  ) 

SUMl  a  SUM1/CS4 

S(Jtl)  a  CSUMqi  *  ALPHA(I0R*MN)*ALPHC(KL»MN)  *  SUMl 
SP2(J»I)  a  S(Jfl)  ♦  SP2(Jfn 
970  CONTINUE 

DO  978  JaltJJMAX 
00  978  la] tllMAX 
CP2(J»I)aREAL(SP?(J»I) ) 

0P2(J»I)8-AIMAG(SP?{J,I) ) 

978  CONTINUE 

WRITE  (6»S00) 

WRITE  (6»711)  FREO(IT) 

WRITE  (6*992) 

992  FORMAT  (4X*97HCR0SS  SPECTRAL  OENSITV  OF  FaRFIELD  PRESSURE  SP?  a 
1CP2  -  SORT(-l  )*OP?  (  (LB/IN**2)«*2)/(RAr)/SEC)  *//) 

WRITE  (6*980) 
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«mn  FdWMftT  (4*,4^H(  XI  .VI  ♦  Zl  )  (  X?  *  V?  *  7?  )*10Xt3 

iXl'II  ■  n  (  (  (XI  ( J)  ,yi  (.1)  .71  (J>  .XZd  )  .Y2  ( I)  «2?(I )  j#l  >  *0^2  < 

IJ.I ) ) .J=l  .JJMAX) .Ir)  .TIMAX» 

9Q3  roiJMA  r(*;x,Kh.?,lx,Pft.?,lx«»-7.7«3X.F^».2.1X«Fh,?»lX.F7.2»5*»fl3.6*5X 

1  .F13.(>) 

*^000  G'l  TD  Uf’l 
1100  COf^lIMilF 
E^ll) 

FUNCTION  HANKJX) 

U  (X-1.0)  1 .?.2 
1  TF(X-O.l)  3*4.4 

3  HANK  s  (0,*»3^)*  Al.or,(l  ,1?3/X) 

Rl’TI'^N 

9  hank  =  (0.('??»  •F  xp  (-1  ,07*  (X-3.0)  ) 

RCTI'^N 

4  hank  =  (n.H4) »KXP (-1 .35*(X-0,3) ) 

RT  Tl.'-TN 

FNO 

SUtdCiJTTMF  CMPINV  (A.N.Nl  .C.lr  .F.N?.TNnfX) 
complex  MATJTx  ?NWF->S10N  S  good  6/10/71 
C  HITHOO  HY  I  ANC/OG.  APPl  lEU  ANALY<;IS.  PAGE  137 

C 

C  WHEpE  a  Is  rOMPl  Fx  INPOT  MATrIX  (NOT  ofstrovfo  »Y  hOUTINF) 

r  N  nTMFNSKiN  OF  A  AND  C 

C  N1  MDWHF9  OF  Pn/(S  IN  A  AND  C  CORPfcNTLY  FJLL 

r  C  fMVKDSE  RF«;ut.T  MARTIX  (MAY  HE  SAMf  AG  A) 

C  10  '•(ILl  3E  SPY  PV  routine  TO  1  IF  SUCCESSFUL  INVERSION 
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